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ABSTRACT 


This  thesis  is  one  of  three  produced  as  a  direct 
result  of  the  Hardisty  Project.  It  presents  a  rationale  of 
the  innovative  techniques  used  in  individualizing  instruc¬ 
tion  at  Hardisty  school/  a  comprehensive  description  of  the 
methods  and  materials  employed  in  the  experiment/  and  an 
assessment  of  the  methods  and  the  effects  of  the  program  on 
students  at  a  feasibility  level. 

An  historical  rationale  traces  the  trends  and  de¬ 
velopment  of  individualized  instruction  beginning  with  the 
Dalton  and  Winnetka  plans  of  the  1920's  through  computer  as¬ 
sisted  instruction.  The  theoretical  rationale  sets  a  basis 
for  the  devised  approach  to  individualization  and  discusses 
the  use  of  ability  grouping  and  behavioral  objectives  in  this 
context. 

Four  types  of  programmed  learning  packages  were  pre¬ 
pared  for  the  experiment.  They  were  designed  so  that  students 

could  proceed  with  a  minimum  of  intervention  by  the  teacher. 
Each  topic  was  composed  of  two  parts  called  Phase  1  and  Phase 
2.  The  Phase  1  packages  contained  a  number  of  sections.  Each 
section  contained  a  list  of  behavioral  objectives/  a  series  of 
explanations/  and  a  set  of  exercises.  Special  ^heck-exer¬ 
cises'  were  used  by  students  to  pre-test  themselves.  Those 
who  answered  a  check-exercise  correctly  could  skip  the  section 
to  which  that  exercise  was  keyed. 

The  Phase  2  packets  were  of  three  types.  A  test  ad- 
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ministered  after  students  completed  their  Phase  1  packets 
streamed  them  into  three  cor  respond i ng  groups:  Basic,  Inter¬ 
mediate,  and  Advanced.  Basic  students  worked  on  unachieved 
objectives  which  were  deemed  imperative  to  the  course.  Inter¬ 
mediate  students  continued  in  an  attempt  to  master  all  objec¬ 
tives  for  the  topic,  and  Advanced  students  were  given  new  ob¬ 
jectives  related  to  the  subjects  of  the  topic.  When  students 
finished  this  Phase,  they  worked  on  problem  solving  and  en¬ 
richment  until  the  start  of  the  next  topic. 

Students  were  allowed  to  attend  a  regular  class  if 
they  found  the  self-study  too  difficult.  A  close  correspon¬ 
dence  was  maintained  between  the  exercises,  check-exercises, 
test  questions  and  the  objectives.  Mastery  was  expected  for 
achievement  of  objectives,  so  that  no  errors  were  allowed. 

The  experiment  showed  that  the  devised  procedures 
constitute  a  reasonable  alternative  to  existing  methods  of 
instruction.  Apparent  drawbacks  are  the  effort  required  to 
produce  the  materials  and  the  amount  of  clerical  work  invol¬ 
ved  in  using  the  method.  Suggested  improvements  include  the 
addition  of  materials  designed  to  meet  more  specific  needs  of 
certain  groups  and  the  improvement  of  enrichment  facilities. 

Compared  to  traditional  instruction,  students  learn¬ 
ed  more  and  accepted  more  responsibility  for  their  learning 
under  the  experimental  method.  Both  students  and  teachers 
indicated  that  they  preferred  the  experimental  method  over 
regular  instruction  for  mathematics. 
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CHAPTER  ONE 


I NTRODUCTI  ON 

1.  ORIGINS  OF  THE  HARD  I  STY  EXPERIMENT 

During  the  1968-69  school  year,  an  Individualized 
mathematics  program  called  I.P.I.  (Individually  Prescribed 
Instruction)  was  installed  in  Forest  Heights  Elementary 
school.  Many  of  the  grade  six  students  who  worked  under  this 
method  enroled  the  next  year  in  Hardi sty  Junior  High  school. 
In  an  effort  to  meet  the  needs  of  this  large  group  of 
students,  the  teachers  at  Hardi sty  school  began  planning 
an  individualized  instruction  program  for  grade  seven. 

L.  Throndson,  the  coordinator  for  that  area  contacted  the 
University  of  Alberta  for  assistance. 

During  the  school  year  1967-68,  R.  Mortlock  and 
J.  Bierden  were  involved  in  an  individualization  project  in 
Pontiac,  Michigan.  In  1969,  Mortlock  joined  the  staff  of  the 
University  of  Alberta,  and  subsequently  became  the  contact 
for  Throndson  and  the  teachers  at  Hardi sty  school. 

In  the  fall  of  1969,  the  teachers  at  Hardi sty  in¬ 
stalled  an  individualized  program  of  their  own  devising  in 
their  mathematics  classes.  Meanwhile,  Mortlock,  assisted  by 
S.  Sigurdson  and  three  graduate  students  developed  a  new  pro¬ 
gram  based  on  the  Ideas  he  had  developed  in  Michigan.  In 
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January  of  1970,  this  new  program  was  Introduced  to  Hardi  sty 
school.  The  'Hardi sty  Project',  as  this  experiment  came  to 
be  known,  lasted  from  January  through  April  of  that  year.  It 
involved  five  teachers  (including  Throndson),  nearly  three 
hundred  grade  seven  mathematics  students,  and  is  compre¬ 
hensively  reported  in  three  masters  theses:  Sunde  (1970), 
te  Karnpe  (  1970),  and  the  present  study. 

2.  AN  OVERVIEW  OF  THE  PROGRAM 

Mortlock  and  his  team  (hereafter  called  the 
experimenters)  developed  an  instructional  model  which  called 
for  packets  of  specially  prepared  typewritten  pages  (called 
'materials').  Individualization  was  accomplished  in  four 
main  ways: 

1.  The  materials  were  'programmed'  so  that  students 
could  proceed  through  them  in  different  ways. 

2.  Students  were  streamed  into  three  ability  groups  by 
virtue  of  previous  achievement. 

3.  Students  were  given  a  choice  of  mode  of  instruction. 
They  could  proceed  at  their  own  pace  using  the  materials,  or 
optionally  join  a  more  traditional  type  classroom  (called  the 
' teacher- taught  class')  at  any  time. 

4.  Teachers  (except  for  the  one  handling  the  teacher- 
taught  class),  were  relieved  of  lecturing  duties  to 

spend  their  time  working  with  individuals  or  small  groups  of 
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Four  topics  were  covered  during  the  experiment: 

1.  Rational  Numbers  and  Fractions 

2.  Operations  with  Rational  Numbers 

3.  Decimals 

4.  Ratio,  Proportion  and  Per  Cent 

All  students  covered  each  topic  by  initially  work¬ 
ing  through  the  concepts  at  the  middle  achievement  level. 

They  were  then  tested,  and  the  results  used  to  form  three 
groups.  The  two  lower  groups  (called  Basic  and  Intermediate) 
reviewed  the  topic  by  using  additional  materials.  The  Basic 
group  was  not  responsible  however,  for  mastering  all  of  the 
concepts  covered.  The  top  group  (called  Advanced)  were  also 
given  a  new  set  of  materials,  but  these  were  directed  towards 
new  ideas  rather  than  a  review.  When  a  student  had  finished 
his  review  or  Advanced  work,  he  wrote  a  second  test  on  the 
topic.  After  this,  he  spent  one  or  two  periods  working  on 
Non-routine  Problems,  and  was  then  allowed  to  work  in  an 
Enrichment  Center  until  the  start  of  the  next  topic. 

The  materials  for  each  topic  were  arranged  into 
sections.  Each  section  contained  a  list  of  behavioral  objec¬ 
tives  for  that  section,  a  development  or  discussion  of  the 
ideas  to  be  learned,  and  a  set  of  exercises.  If  a  student 
felt  from  reading  the  objectives  that  he  already  understood 
the  ideas  of  that  section,  he  could  skip  to  the  exercises. 

The  first  exercise  in  each  set  was  called  a  'check-exercise'. 
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The  purpose  of  these  special  exercises  was  to  allow  the  stu¬ 
dent  to  pre-test  himself.  After  completing  one  of  these/  the 
student  evaluated  his  own  answer  by  checking  with  an  answer 
sheet.  If  he  had  answered  the  question  correctly/  he  could 
go  on  to  the  next  section.  Otherwise/  he  was  to  work  through 
a  number  of  further  exercises. 

Students  worked  at  their  own  rates/  and  moved 
freely  between  classrooms  to  locate  reference  books/  view 
filmstrips,  seek  help  from  a  teacher/  or  attend  special  clas¬ 
ses.  The  teachers'  duties  centered  around  helping  individual 
students,  and  on  the  whole/  a  very  informal  atmosphere  pre- 
va i led. 

3.  THE  PURPOSE  OF  THIS  STUDY 

The  purpose  of  this  study  was  to  provide  a  compre¬ 
hensive  overview  of  the  Hardi sty  experiment.  This  report 
contains  descriptions  of  both  the  planning  and  operation  of 
the  experiment/  a  feasibility  assessment  of  the  procedures 
employed  and  suggestions  for  improvement  of  the  designed 
model  for  individualized  instruction. 

Fundamental  to  the  planning  of  the  experiment  was 
both  the  historical  and  theoretical  background  of  individu¬ 
alized  instruction.  The  more  relevant  portions  of  these 
form  a  main  part  of  this  study:  the  rationale.  A  report  of 
the  events  preparatory  to  and  during  the  experiment  form  the 
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second  main  part:  the  description  of  the  experiment.  The 
third  and  final  segment  supplies  a  formative  evaluation 
which  consists  of  a  feasibility  report/  and  suggestions  for 
improvement  and  further  study. 

4.  THE  NEED  FOR  THIS  STUDY 

It  is  the  duty  of  any  experimenter  to  collect  and 
report  as  much  useful  information  resulting  from  an  experiment 
as  can  be  obtained.  Each  of  the  three  main  parts  of  this 
study  present  information  useful  to  the  educator. 

The  rationale  collects  together  the  ideas  that 
were  used  to  generate  the  devised  procedures.  These  ideas 
are  an  aide  in  understanding  the  Hardi sty  experiment.  They 
are  also  useful  in  their  own  right  as  a  collection  of  ideas 
felt  by  one  group  to  be  important  when  considering  an  indivi- 
dua 1 i zed  program. 

The  description  of  the  experimental  procedures  re¬ 
cords  the  results  of  a  translation  from  the  theory  presented 
in  the  rationale  to  a  practical  application  in  the  school. 

It  describes  numerous  old  and  new  educational  ideas  and  shows 
how  these  can  be  organized  into  a  consistent  program  for  in¬ 
dividualizing  instruction. 

The  feasibility  report  provides  the  opportunity 
for  a  global  evaluation  of  the  devised  program.  From  the  re¬ 
ported  reactions  and  outcomes/  it  would  be  possible  for  the 
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reader  to  consider  the  effectiveness  of  specific  parts  of  the 
program,  and  the  program  as  a  whole. 

In  this  manner,  the  study  has  resulted  in  the 
present  report  which  provides  Information  at  a  feasibility 
level.  This  information  will  be  useful  not  only  to  aid  in 
replication  of  the  experiment,  but  also  to  help  improve  the 
teaching  procedures  devised  and  provide  information  at  a 
practical  classroom  level  to  any  teacher  who  might  be  con¬ 
templating  similar  i ndi vi dual i zat i on.  The  study  is  carried 
out  on  the  basic  premise  that  such  practical  classroom  data 
is  as  valuable  to  the  teaching  profession  as  is  statistical 
data.  For  other  (more  formal)  evaluations  of  the  present 
experiment,  see  Sunde  (1970),  and  te  Kampe  (1970). 

5.  DELIMITATIONS 

The  delimitations  of  this  study  are  as  follows: 

1.  The  rationale  is  concerned  with  the  events  and 
theories  which  had  a  di rect  bearing  on  the  development  of 
the  procedures  for  the  Hard! sty  experiment.  The  emphasis  is 
on  instruction  management  techniques,  and  only  those  techni¬ 
ques  which  differ  significantly  from  normal  teaching  practice 
are  rati onal 1  zed. 

2.  The  feasibility  of  any  designed  program  depends  upon 

the  situation  to  which  it  is  applied.  The  value  of  a  feasi¬ 
bility  report  then,  is  in  allowing  a  reader  to  extrapolate 
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the  relevant  outcomes  and  generalize  them  to  his  particular 
situation.  Considering  this,  the  feasibility  report  is 
limited  to  recorded  observations  of  reactions  of  participants 
in  the  experiment.  This  procedure  has  the  further  advantage 
that  evaluative  value  judgements  made  by  the  writer  are 
capable  of  scrutiny  by  the  reader. 

6.  DEFINITIONS 

General  Terms 

CURRICULUM  -  the  set  of  experiences  provided  by  a 
school  for  its  students  which  are  directed  towards  educational 
goa 1 s . 

VARIABLE  CURRICULUM  -  a  curriculum  which  intentionally 
provides  different  experiences  for  different  students  on  the 
basis  of  some  established  criteria. 

TRADITIONAL  INSTRUCTION  -  instruction  consisting  of  a 
combination  of  class  presentation  and  seat-work  which  is 
directed  towards  the  whole  class  rather  than  individuals  or 
groups  within  the  class. 

INDIVIDUALIZED  INSTRUCTION  -  instruction  which  is 
directed  towards  groups  within  a  class  or  towards  individual 
students . 

SELF-STUDY  -  study  which,  although  circumscribed  by 
external  restrictions,  allows  for  individual  determination  of 
content  and  sequence  by  the  student. 
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SELF-STUDY  MATERIALS  -  workbooks/  audio-visual  ma¬ 
terial/  or  any  other  equipment  available  for  students  to  use 
for  self-study.  The  term  'materials'  is  used  to  mean 
specifically  the  sets  of  typewritten  pages  (workbooks)  which 
the  students  received. 

Technical  Terms 

ORIENTATION  -  the  activity  aimed  at  making  the  students 
aware  of  what  was  expected  of  them  and  the  nature  of  the  ma¬ 
ter  i  a  1  s. 

PHASE  1  MATERIAL  -  the  first  workbook  used  for  each 
topic.  These  contained  a  flowchart/  a  record  page/  from  ten 
to  twelve  sections/  a  review  section/  and  a  set  of  answers 
(in  that  order)/  directed  at  the  intermediate  level. 

FLOWCHART  -  a  single  sheet  of  paper  on  which  the  possible 
sequences  of  study  for  a  given  topic  had  been  diagrammed. 

RECORD  PAGE  -  a  single  sheet  of  paper  on  which  teachers 
indicated  which  objectives  a  student  had  achieved  for  Phase 
1/  which  he  had  to  do  for  Phase  2,  his  group  designation,  and 
results  of  his  problem  solving  activities. 

SECTION  -  a  number  of  pages  consisting  of  a  list  of  ob¬ 
jectives,  a  development,  and  a  set  of  activities  and  exer¬ 
cises. 

REVI EW  SECTION  -  the  last  section  of  each  chapter  which 
contained  exercises  for  purposes  of  reviewing  a  topic,  a  vo¬ 
cabulary  list,  and  a  list  of  key  ideas  of  the  topic. 
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OBJECTIVE  -  (1)  a  statement  of  educational  Intent. 

(2)  a  statement  of  Intent/  a  sample  question  which  could  be 
used  to  test  the  achievement  of  that  intent/  and  a  complete 
solution  to  that  question  indicating  the  criterion  for  mark- 
i  ng. 

DEVELOPMENT  -  a  series  of  explanations,  diagrams,  exam¬ 
ples,  and  questions  designed  to  teach  students  the  ideas  re¬ 
quired  for  a  given  section. 

ACTIVITIES  AND  EXERCISES  -  a  set  of  check-exercises, 
exercises,  and  directions  for  activities  related  to  the  ob¬ 
jectives  of  a  section. 

CHECK-EXERCISE  -  a  question  which  was  parallel  in  dif¬ 
ficulty  and  design  to  the  sample  test  question  given  in  the 
corresponding  objectives  of  a  section,  and  to  the  actual 
test  questions  which  would  be  used  to  test  achievement  of  the 
ob j  ec t i ves . 

TEST  1  -  the  test  which  students  wrote  after  completion 
of  their  Phase  1  materials. 

PHASE  1  -  the  activities  associated  with  working  through 
the  Phase  1  materials  and  writing  Test  1. 

PHASE  2  MATERIAL  -  the  second  workbook  used  for  each 
topic.  There  were  three  distinct  sets  called  Basic,  Inter¬ 
mediate,  and  Advanced  Phase  2  material.  The  Basic  set  con¬ 
tained  a  second  flowchart,  directions  to  the  student,  promi¬ 
nent  key  ideas,  check  exercises,  and  exercises.  The  Inter¬ 
mediate  set  contained  only  exercises  and  check-exercises. 
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Both  Basic  and  Intermediate  Phase  2  materials  were  intended 
for  use  in  reviewing  the  concepts  covered  in  the  Phase  1  ma¬ 
terial.  The  Advanced  set  contained  a  new  set  of  objectives, 
a  development/  and  a  set  of  activities  and  exercises  aimed  at 
these  new  objectives. 

TEST  2  -  the  test  which  students  wrote  after  completion 
of  their  Phase  2  materials. 

PHASE  2  -  the  activities  associated  with  working  through 
the  Phase  2  materials  and  Test  2. 

NON-ROUTINE  PROBLEM  SOLVING  -  a  self-study  activity  ex¬ 
ternally  bounded  by  a  set  of  Non-Routine  Problem  Solving  ma¬ 
terials.  These  materials  contained  from  fifteen  to  twenty 
problems  which  demanded  solutions  which  were  not  specifically 
taught . 

ENRICHMENT  -  a  self-study  activity  directed  by  materials 
available  in  the  'Enrichment  Center*.  These  included  a  prob¬ 
lem  box,  directions  for  project  work/  mathematical  games,  di¬ 
rections  for  independent  study,  and  other  activities  which 
the  teachers  and  students  determined. 

TOPIC  -  the  activities  associated  with  working  through 
Phase  1,  Phase  2,  the  Non-Routine  Problem  Solving,  and 


Enr i chmen t 
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7.  OUTLINE  OF  THE  REPORT 

The  purpose  of  this  study  was  to  provide  a  compre¬ 
hensive  overview  of  the  Hardi  sty  experiment.  The  study  con¬ 
sists  of  three  main  parts:  a  rationale,  a  description,  and  a 
feasi bi 1 i ty  report. 

The  rationale  is  concerned  with  the  background  of 
the  methods  and  procedures  employed  in  the  experiment.  The 
second  chapter  of  this  study  presents  some  of  the  events  of 
the  twentieth  century  which  have  led  to  the  need  for  indivi¬ 
dualized  instruction  that  exists  today.  Chapter  III  out¬ 
lines  the  theoretical  ideas  used  by  the  expe r  i  menter s  in  de¬ 
vising  and  justifying  the  program  that  was  implemented  in 
Hardi sty  school . 

The  description  of  the  experimental  procedures  is 
contained  in  Chapter  IV.  This  chapter  presents  all  of  the 
procedures  devised  for  the  experiment,  and  explains  them  in 
some  detail. 

The  feasibility  report  is  the  topic  of  Chapter  V. 
Here,  the  reactions  of  the  students,  teachers,  and  ex¬ 
perimenters  have  been  summarized,  and  the  observable  outcomes 
of  the  experiment  listed.  Chapter  VI  concludes  the  study 
with  an  evaluation  of  the  experiment  and  the  theory  behind 
the  experimental  methods,  and  a  general  statement  on  the 
role  of  individualized  instruction  in  secondary  schools. 


' 

-> 


CHAPTER  TWO 


AN  HISTORICAL  RATIONALE 


It  has  long  been  recognized  that  attention  to  indi¬ 
vidual  differences  of  the  learner  can  improve  the  education 
process.  Projects  have  been  carried  out  in  the  past  which 
can/  by  their  successes  or  failures/  provide  insight  into  the 
problems  involved  in  trying  to  account  for  these  differences. 
The  purpose  of  this  chapter  is  to  explore  innovations  which 
revealed  concepts  important  to  the  current  experiment. 

The  Dalton  and  Wlnnetka  plans  showed  the  trends  of 
dissatisfaction  with  the  school  system  in  and  after  1915;  both 
of  these  plans  were  influenced  by  and  had  effects  on  European 
education  at  that  time.  It  was  at  this  same  point  in  time 
that  Pressey's  work  with  objective  testing  led  to  the  develop¬ 
ment  of  the  teaching  machine.  Skinner  and  Crowder  were  the 
main  proponents  of  two  divergent  streams  of  thought  on  the 
construction  of  teaching  machines.  With  the  development  of 
the  high-speed  digital  computer  and  the  advent  of  time¬ 
sharing,  the  teaching  machine  concept  has  been  extended  to  in¬ 
clude  computer  assisted  Instruction  and  computer  assisted  in¬ 
struction  management.  All  of  the  above  will  be  discussed  in 
the  present  chapter  along  with  some  of  the  more  relevant  cur¬ 
rent  projects  in  individualized  instruction.  These  ideas  are 
considered  to  form  a  part  of  the  basis  for  decisions  that  were 
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made  in  devising  the  program  used  in  the  current  experiment. 

1.  THE  DALTON  AND  WINNETKA  PLANS 

The  Dalton  and  Winnetka  plans  were  both  implemented 
shortly  after  1910;  both  flourished  under  the  nurture  of  one 
person  and  both  seemed  to  loose  their  impact  shortly  after 
that  person  left.  They  were  aimed  at  overcoming  two  dis¬ 
similar  disagreeable  aspects  of  the  then  current  educational 
system,  and  in  practice  have  entirely  dissimilar  appearances. 

Miss  Helen  Parkhurst  (with  inspiration  from 
Montessori)  had  responsibility  for  the  Dalton  Laboratory  Plan. 
She  reasoned  that  the  school  timetable  made  unreasonable  de¬ 
mands  on  the  students;  a  person's  interests  cannot  change  at 
the  sound  of  a  school  class  bell.  A  desire  for  knowledge 
about  a  certain  subject,  carefully  instilled  during  a  class 
period,  is  doomed  to  frustration  as  the  student  enters  another 
teacher's  class.  Parkhurst  also  felt  that  this  imposition 
did  nothing  valuable  for  the  student,  where  allowing  him  to 
plan  his  own  time  and  activities  would  enhance  his  ability  to 
accept  responsibility  and  make  him  a  more  useful  member  of 
society  on  graduation.  This  teaching  method  was  first 
applied  by  Parkhurst  on  crippled  children,  but  took  its  name 
from  Dalton  High  school  where  It  was  first  implemented  with 
normal  chi ldren  by  Mrs.  W.  Crane. 

Generally,  under  this  plan,  students  are  given  an 
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outline  for  a  years  work  at  the  beginning  of  the  school  year. 

This  (gives)  him  a  perspective  of  the  plan  of  his  edu¬ 
cation.  He  will  thus  be  able  to  judge  of  the  steps  he 
must  take  each  month  and  each  week  so  that  he  may  cover 
the  whole  road,  instead  of  going  blindly  forward  with  no 
idea  of  either  the  road  or  the  goal.  ... 

What  does  a  pupil  do  when  given  ...  responsibility  for 
the  performance  of  such  and  such  work?  Instinctively  he 
seeks  the  best  way  of  achieving  it.  Then  having  decided, 
he  proceeds  to  act  upon  that  decision.  Supposing  his 
plan  does  not  seem  to  fit  his  purpose,  he  discards  it 
and  tries  another.  Later  on  he  may  find  it  profitable 
to  consult  his  fellow  students  engaged  in  a  similar  task. 
Discussion  helps  to  clarify  his  ideas  and  also  his  plan 
of  procedure.  When  he  comes  to  the  end,  the  finished 
achievement  takes  on  all  the  splendor  of  success.  It 
embodies  all  he  has  felt  and  lived  during  the  time  it 
has  taken  to  complete.  This  is  real  experience.  It  Is 
culture  acquired  through  individual  development  and 
through  collective  cooperation.  It  is  no  longer  school 
-  it  is  life  (Parkhurst,  p.  219,  1922). 

Under  this  plan,  although  the  students  were  able  to 
gain  a  perspective  of  the  whole  year's  work,  they  usually 
'contracted'  only  a  month's  work  at  a  time.  There  were  no 
school  timetables  so  that  each  student  in  cooperation  with  a 
teacher-adv i sor  constructed  his  own.  His  timetable  was  made 
so  that  he  spent  proportionately  more  time  on  the  subjects  in 
which  he  was  weaker.  Teachers  were  constantly  checking  to 
see  that  students  did  not  forge  ahead  in  subjects  they  liked 
at  the  expense  of  subjects  they  disliked;  yet  each  pupil  made 
his  own  choice  as  to  the  order  in  which  he  would  study  his 
courses  daily.  The  rooms  In  the  school  were  assigned  to  sub¬ 
ject  specialties,  and  a  teacher  interested  in  that  subject 
was  on  hand  to  help  students  whenever  required.  Students 
were  free  to  enter  and  leave  the  rooms  at  will,  and  often 
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gathered  In  small  groups  in  certain  rooms  to  study  that  sub¬ 
ject.  Graphs  were  kept  by  students  and  teachers  to  record 
the  students'  progress,  and  marks  were  assigned  on  the  basis 
of  percentage  of  work  completed. 

The  plan  depended  upon  converting  a  whole  school  to 
the  contract  method,  and  expected  that  there  would  be  a  spec¬ 
ialist  available  in  every  subject  area.  !t  made  no  allowances 
for  variable  curriculum  but  merely  expected  weaker  students 
to  work  longer  at  mastering  the  basic  knowledge  required  for 
a  particular  subject. 

C.  C.  Washburne,  armed  with  the  theoretical  ideas 
of  Dr.  F.  Burk  and  with  the  impetus  of  the  citizens  of  the 
city  of  Winnetka,  initiated  the  Winnetka  Plan.  He  felt  that 
the  lock-step  system  was  the  cause  of  dissatisfaction  with 
the  schools;  that  only  a  very  few  students  could  proceed  nat- 
turally  at  the  pace  which  was  arbitrarily  set;  and  that  the 
schools  were  constraining  the  better  and  frustrating  the 
weaker  students. 

Under  his  guidance,  a  year's  work  was  defined  as: 
"what  the  slowest  normal  diligent  child  could  accomplish  in 
one  year".  Instruction  was  mainly  through  self-study 
materials  (which  the  teachers  wrote)  and  ingeneous  games  and 
group  activities.  Initially  textbooks  were  also  used,  but 
these  were  phased  out  as  the  teache r-wr i t ten  materials  became 
more  complete.  Emphasis  was  on  making  learning  an  exciting 
experience  for  the  students.  Teachers  tried  to  make  all  know- 
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ledge  learner!  as  relevant  as  possible  by  taking  an  interesting 
situation  and  then  examining  it  in  great  detail  -  extracting 
every  piece  of  relevant  information  and  taking  the  opportunity 
to  introduce  lessons  expanding  this  information. 

When  a  student  felt  he  had  learned  a  unit  of  ma¬ 
terial,  he  could  do  a  set  of  'A'  exercises.  These  were  com¬ 
plete  with  answers,  and  if  he  got  any  questions  wrong  he  was 
to  try  the  1  B  *  exercises.  Then,  s i m i 1 ar i  1 y,  the  'C'  exer¬ 
cises.  Completing  this,  he  would  then  try  a  practice  test, 
going  through  forms  'A',  ' B',  and  ' C*  i f  he  had  any  errors. 

He  was  now  ready  for  the  'real1  test.  Tests  were  not  accepted 
if  they  had  any  errors,  so  that  he  might  have  to  write  another 
form  of  the  real  test  more  than  once.  Every  student  had  to 
achieve  100£  before  he  could  go  on  to  new  work,  creating  a 
proper  attitude  of  diligence  in  the  students. 

Washburne  collected  studies  on  the  readiness  of 
students,  and  took  great  care  in  establishing  the  curriculum 
for  the  school.  Considerable  use  was  made  of  intelligence 
tests  in  determining  what  a  particular  student  should  be 
studying,  and  it  was  the  responsibility  of  the  teachers  to 
chari  each  child's  course.  Teachers  also  accepted  the  respon¬ 
sibility  of  creating  new  material,  updating  the  old  material, 
and  coming  up  with  ingeneous  games  and  group  activities. 

As  with  the  Dalton  Plan,  an  underlying  assumption 
here  was  that  every  student  could  learn  every  concept:  it  just 
takes  longer  for  some  than  for  others.  Washburne  makes  no 
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mention  of  the  difficulties  that  must  have  been  encountered 
with  the  students  working  at  widely  separated  levels  in  the 
same  subject/  and  he  found  no  faults  wi th  his  teachers  as 
they  accomplished  their  many  tasks. 

2.  TEACHING  MACHINES  AND  PROGRAMMED  INSTRUCTION 

Teaching  machines  are  devices  which  tutor  a  student 
without  assistance  from  a  human  instructor.  Three  individu¬ 
alization  criteria  are  met  by  all  teaching  machines: 

1.  They  require  the  student's  active  participation. 

2.  They  allow  variability  in  the  rate  of  each  student's 
progress . 

3.  They  provide  the  student  with  immediate  knowledge  of 
r  e  s  u  1 1  s  . 

The  variety  in  style  and  purpose  of  teaching  machines  is  only 
limited  by  man's  ingenuity.  The  success  of  a  device  as  a 
teaching  machine  depends  upon  how  well  it  meets  the  above 
three  criteria/  how  wel 1  it  meets  additional  criteria  desired 
for  the  particular  machine/  and  pragmatic  factors  such  as 
cost/  ease  of  use,  adaptability/  etc..  The  additional 
criteria  proposed  for  a  given  machine  usually  depend  upon  the 

designer's  theory  of  learning.  A  major  dichotomy  exists  be¬ 
tween  the  followers  of  Pressey  and  the  followers  of  Skinner. 

Very  simply,  Pressey  favoured  the  use  of  multiple  choice  de¬ 
vices  where  Skinner  believed  that  users  should  construct  their 
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own  responses. 

Pressey  ar^uerl  that  test  writing  is  a  learning 
situation;  its  main  drawback  being  the  delay  between  answer¬ 
ing  a  question  and  knowing  the  correctness  of  that  answer. 

Me  also  felt  that  a  student  should  be  able  to  respond  to  a 
question  until  he  got  it  right/  thus  causing  the  greatest 
possible  re i nf orcemen t  between  the  question  and  the  correct 
answer.  Shortly  after  1915/  Pressey  devised  his  punchboard 
which  met  the  above  criteria/  those  of  a  teaching  machine/ 
and  was  also  cheap/  adaptable,  easy  to  use  and  easy  to  manage. 

This  is  a  very  simple  unit  the  size  of  a  three  by  five 
card,  about  one-half  inch  thick.  A  center  of  quarter- 
inch  ply-board  has  riveted,  on  either  side,  two  thin 
sheets  of  pressboard.  Between  the  outside  sheet  and 
the  second  sheet  Is  sufficient  space  for  a  slip  of  pa¬ 
per  to  be  inserted;  between  the  second  sheet  of  the 
pressboard  and  ply-board  center  is  a  removable  key 
sheet  of  pressboard.  On  each  face  of  the  punchboard 
are  two  columns  each  of  four  rows  of  one-eighth  inch 
holes,  the  rows  of  four  holes  being  numbered  from  one 
to  thirty.  However  the  key  sheet  has  holes  only  for 
the  right  answer  on  the  particular  test  to  be  used.  ... 
The  testee  takes  a  test  by  simply  punching  with  a  pen¬ 
cil  point  through  the  paper  slip  in  that  hole  which 
corresponds  to  what  he  thinks  is  the  right  answer.  ... 

If  he  is  right,  his  pencil  goes  through  the  paper  and 
down  into  the  hole  in  the  key  sheet.  But  if  he  is  wrong 
the  pencil  barely  breaks  the  paper  and  then  comes  up 
against  the  key  sheet.  He  thus  knows  that  he  is  wrong 
and  tries  another  hole  in  (the  same  row),  thus  proceed¬ 
ing  until  his  pencil  goes  deep  ( P ressey, pp.  70 - 71,  195 0 ) . 

Although  the  above  description  is  in  terms  of  a 
test  scoring  device,  Pressey  did  use  it  as  a  teaching  machine. 
The  program  for  the  machine  was  a  set  of  multiple  choice 
questions.  Experimentation  over  a  wide  range  of  subject  mat¬ 
ter  including  nonsense  sylables,  foreign  language,  technical 
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terms  and  psychology  led  to  conclusions  that  units  of  thirty 
or  fourty  questions,  discussed  after  try-out  with  the  punch- 
board  were  better  than  longer  units,  and  that  four  choices 
for  each  question  were  better  than  either  true-false  questions 
or  questions  with  five  or  more  choices. 

A  student  may  know  he  has  answered  a  question 
wrongly,  and  even  what  the  right  answer  should  be  without 
understandi ng  the  concepts  involved.  Pressey's  answer  to 
this  objection  was  the  above  mentioned  discussion  period;  he 
felt  it  shold  be  included  with  every  lesson. 

The  work  of  Crowder  however,  led  to  a  different 
answer  -  the  scrambled  textbook.  Crowder  reasoned  that: 

It  is  worthwhile  to  point  out  that  the  process  ... 
is  different  from  that  of  simply  furnishing  'knowledge 
of  results'  to  the  student.  The  test  result  is  used  to 
control  the  behavior  of  the  teaching  machine  and  need 
not  necessarily  be  furnished  to  the  student  at  all.  ... 
The  primary  purpose  Is  to  determine  whether  the  commu¬ 
nication  was  successful,  in  order  that  corrective  steps 
may  be  taken  by  the  machine  if  the  communication  has 
failed  (Crowder,  p.  288,  1960). 

Crowder  went  on  to  point  out  that  the  question  of 
whether  the  child  got  the  question  right  or  wrong  might  not 
supply  the  most  relevant  information.  Decisions  can  be  made 
upon  which  'right'  answer  a  student  chose,  or  which  'wrong' 
one . 


The  simplest  device  which  I  will  call  a  'TutorText', 
is  a  specially  prepared  book  in  which  each  answer 
choice  is  identified  with  a  page  number.  The  reader 
choosing  a  particular  answer,  turns  to  a  page  number 
given  for  that  answer.  There  he  will  find  either  the 
next  unit  of  information  and  the  next  question,  or,  if 
the  answer  he  chose  was  incorrect,  he  will  find  the 
correctional  material  appropriate  to  the  answer  he 
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chose.  He  will  then  be  referred  to  the  original  choice 
page  to  try  again.  The  page  numbers  in  the  book  are 
assigned  essentially  at  random/  and  the  reader  there¬ 
fore,  cannot  make  progress  from  one  page  to  the  next 
except  by  making  an  active  choice  of  an  answer  (Crowder, 
pp.  286-287,  1960). 

Crowder  also  developed  a  device  which  he  called 
the  'Tutor'.  It  worked  in  the  same  way  as  the  TutorText, 
except  that  the  'pages'  were  on  16mm  film.  The  student  re¬ 
sponded  to  a  question  by  pushing  an  appropriate  button  and 
the  next  page  was  positioned  automatically.  Provision  was 
also  made  for  running  the  film  to  provide  motion  pictures. 

The  concept  of  branching,  or  directing  the  stu¬ 
dents'  activity  through  a  function  of  his  responses  is  called 
intrinsic  programming.  Its  development  by  Crowder  was  one  of 
the  major  breakthroughs  in  the  concept  of  teaching  machines, 
and  a  definite  advancement  of  education  through  technology. 

Skinner,  through  experiments  in  conditioning  ani¬ 
mals,  developed  a  theoretical  framework  which  suggests  that 
students  should  construct  their  responses  rather  than  merely 
choosing  one  from  a  list  of  answers  to  a  question.  He  took 
this  as  one  of  the  main  criteria  for  his  teaching  machines. 

One  of  his  earlier  machines  is  often  called  the 
'write-in'  machine.  The  student  Is  given  a  sentence  with 
missing  words,  and  he  writes  what  he  feels  the  correct  re¬ 
placements  should  be  on  a  slip  of  paper  exposed  by  the 
machine.  Turning  a  crank  at  the  side  causes  his  writing  to 
slide  under  a  glass  and  the  correct  answer  to  appear.  He 
then  grades  his  response  himself.  After  completing  a  cycle 
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through  the  machine/  all  questions  which  he  graded  as  in¬ 
correct  are  asked  again.  An  objection  to  this  machine/  that 
the  student  must  he  given  the  answer  to  check  his  response/ 
is  overcome  in  Skinner's  second  design.  This  is  sometimes 
called  the  'slider'  machine. 

The  device  consists  of  a  small  box.  ...  On  the  top 
surface  is  a  window  through  which  a  question  or  problem 
printed  on  a  paper  tape  may  be  seen.  The  child  answers 
the  question  by  moving  one  or  more  sliders  upon  which 
the  digits  0  through  9  are  printed.  The  answer  appears 
in  square  holes  punched  in  the  paper  tape  upon  which 
the  question  is  printed.  When  the  answer  has  been  set, 
the  child  turns  a  knob.  If  the  answer  is  right/  the 
knob  turns  freely  and  can  be  made  to  ring  a  bell  or 
provide  some  other  conditioned  reinforcement.  If  the 
answer  is  wrong/  the  knob  will  not  turn.  A  counter 
may  be  added  to  tally  wrong  answers.  The  knob  must 
then  be  reversed  slightly  and  a  second  attempt  at  a 
right  answer  made.  When  the  answer  is  right/  a  fur¬ 
ther  turn  engages  a  clutch  which  moves  the  next  problem 
into  place  in  the  window  (Skinner/  p.  110/  1954). 

This  machine  has  also  been  constructed  with  alphabetic  char¬ 
acters  instead  of  numbers  on  the  slides. 

A  distinct  advantage  of  the  slider  machine  is  that 
it  requires  more  than  just  active  participation  on  the  part 
of  the  student;  it  demands  a  personal  commitment.  This  com¬ 
mitment  fosters  both  attention  and  motivation  as  factors  of 
the  learning  situation. 

The  factors  of  intrinsic  branching  and  construction 
of  responses  are  difficult  to  assimilate  into  one  machine. 
Because  of  the  nature  of  our  language/  for  any  question  there 
are  usually  several  correct  responses  and  an  almost  unlimited 
number  of  incorrect  ones  which  can  be  constructed.  The 
the  ability  to  recognize  all  of  these  answers  is  beyond  the 


' 

.noiUeu^iz 

■ 


22 


scope  of  any  simple  machine  and  therefore  if  these  concepts 
are  to  be  resolved  it  wi 1 1  have  to  be  done  by  some  sort  of 
computer . 


3.  COMPUTER  ASSISTED  INSTRUCTION  AMD 
I NSTRUCTI ON  MANAGEMENT 

The  first  publication  describing  the  use  of  a  computer 
as  an  instructional  device  originated  at  IBM  (International 
Business  Machines)  in  1939,  but  before  1902  at  least  four 
major  companies  had  set  up  experimental  projects.  (These 
were  IBM;  Bolt,  Beranek  and  Newman  Inc.;  Coordinated  Science 
Laboratories;  and  Systems  Development  Corporat i on . )  All  are 
still  active  in  this  research  today. 

The  technique  of  time-sharing  has  been  the  great¬ 
est  single  contributor  to  the  concept  of  computer  assisted 
instruction.  Using  time-sharing,  every  student  can  interact 
v;i  th  the  computer  as  if  he  were  the  only  one  to  whom  it  wa  s 
'listening'.  In  this  context,  the  typewriter  was  the  first 
device  used  in  communication  with  the  computer.  Typewriters 
have  been  constructed  which  are  relatively  easy  to  connect  to 
a  computer;  they  are  easy  for  students  to  use,  but  are  often 
noisy  and  slow  when  required  to  print  out  large  amounts  of 
material.  (A  normal  person  can  read  much  faster  than  a  com¬ 
puter  can  write  on  a  t ypewr i ter . )  Use  of  an  oscilloscope 
led  to  a  more  generalized  cathode-ray  tube  system  which  could 
display  information  much  more  quickly  and  quietly.  Mew  He- 
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velopments  include  closed  circuit  television  to  project 
slides  and  moving  pictures,  audio  systems  to  play  and  record 
sound,  and  complex  accounting  systems  which  can  record  a  stu¬ 
dents  progress  every  hundredth  of  a  second.  This  latter  de¬ 
velopment  is  providing  opportunities  for  pedagogical  and  psy- 
cological  research  that  were  previously  impossible.  Further 
improvements  in  time-sharing  have  already  made  it  less  expen¬ 
sive  to  provide  a  computer,  rather  than  a  teacher,  for  a 
large  number  of  students. 

One  of  the  major  drawbacks  of  using  the  computer 
as  a  teaching  machine  is  the  cost  of  developing  programs.  It 
is  relatively  easy  to  enable  the  computer  to  provide  drill 
for  the  students,  but  this  can  be  done  just  as  effectively  by 
the  teaching  machines  mentioned;  and  at  far  less  expense. 

More  difficult  to  construct  are  programs  which  tutor  the  stu¬ 
dent;  but  here,  if  anywhere,  lies  the  future  of  computer  as¬ 
sisted  instruction. 

Many  intrinsic  programs  have  already  been  develop¬ 
ed  which  in  a  sense  tutor  the  student,  but  nearly  all  avoid 
the  construction  of  response  technique  or  limit  the  accept¬ 
able  responses  severly.  The  technology  for  evaluation  of 
random  answers  is  far  from  complete.  More  pressing  problems 
however,  are  the  nature  of  computer  languages  and  the  geomet¬ 
ric  expansion  created  by  intrinsic  programming.  Computer 
languages  now  available  for  programming  are  difficult  to 
learn  and  tedious  to  write.  It  requires  about  one  thousand 
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computer  Instructions  to  present  a  half-hour  lesson  to  a  stu¬ 
dent  if  no  branching  is  allowed.  When  branching  is  included, 
these  programs  expand  without  bound  as  every  eventuality  of 
student  deficiency  must  be  pre-empted  and  an  appropriate  seg¬ 
ment  written  to  instruct  the  student.  The  initial  organiza¬ 
tion  of  these  branching  programs  is  in  Itself  an  enormous 
task;  generalities  such  as  ‘educating  for  democracy'  and 
'educating  the  whole  child*  have  no  meaning  to  the  computer. 

It  must  be  told  what/  when  and  how  to  teach  each  student  each 
new  idea. 

On  the  credit  side,  it  can  be  noted  that  new  and 
more  versatile  languages  are  being  developed.  (For  example; 
VAULT  developed  by  the  University  of  Alberta  in  cooperation 
with  IBM.)  Further,  once  a  computer  program  has  been  written 
it  can  be  used  by  an  unlimited  number  of  students.  It  is 
also  amenable  to  adaptation  and  extension.  But  the  most 
valuable  asset  of  the  computer- teacher  is  its  ability  to  re¬ 
cord/  in  minute  detail/  the  actions  of  each  and  every  student. 
This  information  can  be  produced  in  such  quantities  that  the 
computer  must  again  be  used  to  analyze  it.  Results  of  these 
analyses  are  being  used  to  evaluate  the  computer  programs/ 
the  students/  and  pedagogical  and  psychological  theories  of 
learning  in  the  detail  that  is  necessary  to  their  thorough 
understand i ng. 

While  the  advent  of  wide-spread  computer  assisted 
instruction  is  still  in  the  future,  computers  are  being  use- 
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fully  employed  as  management  assistants  to  the  teachers.  In 
this  role/  the  computer  is  used  not  to  instruct  the  students/ 
but  to  help  the  teacher  by  relieving  him  of  many  of  his  ad- 
mi  n  i  strat  i  onal  duties  and  enabling  him  to  concentrate  more  of 
his  efforts  on  the  actual  teaching  process. 

The  computer  is  capable  of  storing  large  quantities 
of  information/  and  then  supplying  it  whenever  required. 

Banks  of  test  questions;  lesson  plans;  weekly/  monthly, 
yearly  plans;  specific  laboratory  plans;  information  on  refer¬ 
ence  books;  projects  that  could  be  undertaken  and  modes  of 
teaching  that  could  be  employed  are  among  the  data  that  could 
be  stored.  By  typing  in  key  words  at  a  computer  terminal, 
the  teacher  could  access  any  of  this  material  whenever  it 
was  needed.  Statistics  on  test  scores,  class  averages,  test 
analysis,  attendance,  etc.  are  easily  calculated  by  the  com¬ 
puter  and  stored  for  quick  reference. 

With  many  of  the  new  projects  being  tried  in  indi¬ 
vidualizing  instruction,  a  great  deal  of  evaluation  is  indi¬ 
cated.  This  job  normally  falls  to  the  teacher,  with  the  re¬ 
sult  that  he  becomes  almost  peripheral  to  the  education  of 
the  student;  and  many  of  the  good  effects  that  might  have 
been  realized  are  lost.  Perhaps  with  the  computer  to  assist 
in  these  time  consuming  chores,  more  progress  will  be  made  in 
designing  practical  means  of  individualizing  instruction. 
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4.  SOMF  RFCFNT  I  NO!  VI  OUAU  ZATI  ON  OF  INSTRUCTION 

PROJFCTS 


Although  many  of  the  recent  individualization  of 
instruction  projects  meet  the  three  basic  criteria  of  teach¬ 
ing  machines/  they  do  constitute  a  noticahle  departure  from 
the  teaching  machine  concept.  While  relying  on  some  form  of 
programmed  individualized  instruction,  they  try  to  meet  other 
needs  as  well. 

The  conceptual  difference  between  these  two  modes 
of  teaching  is  contained  in  the  distinction  between  training 
and  education.  In  the  words  of  Glaser; 

...  the  distinction  between  training  and  education 
is  usually  mode  in  two  ways.  a)  The  specificity  of 
the  behavioral  end-produc ts .  When  the  end-products  of 
learning  can  be  specified  in  terms  of  particular  in¬ 
stances  of  student  performance  then  instructional  pro¬ 
cedures  can  be  designed  to  directly  train  or  build  in 
these  behaviors.  When  the  end-product  behaviors  cannot 
be  specified  precisely  because  they  are  too  complex  or 
because  the  behaviors  that  result  in  successful  accom¬ 
plishment  in  many  instances  are  not  known,  then  the 
individual  is  expected  to  transfer  his  learning  to  the 
performance  of  the  behavior  which  was  found  difficult 
to  analyze.  Obviously,  schools  do  not  train  for  every 
instance  of  behavior  that  will  occur  in  the  future, 
but  they  rightly  expect  that  individuals  will  genera¬ 
lize  or  transfer  their  behavior  to  similar  and  novel  in¬ 
stances.  A  distinction  between  training  and  education 
being  made  here  is  the  amount  of  transfer  involved  and 
the  precision  with  which  the  behavioral  end-products 
are  specified.  If  the  end-products  of  the  learning 
process  can  he  rather  precisely  specified,  as,  for  ex¬ 
ample,  learning  to  use  the  slide  rule,  then  it  can  be 
said  that  the  student  is  being  trained  to  use  the 
slide  rule.  On  the  other  hand,  if  the  behavioral  end- 
products  are  complex  and  present  knowledge  of  the  be¬ 
havior  makes  them  difficult  to  specify,  then  the  indi¬ 
vidual  is  educated  by  providing  a  foundation  of  beha- 
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vior  which  reprosentr,  approximations  to  the  behavior 
it  is  wished  that  the  student  will  eventually  perform, 
e.g.,  being  a  creative  scientist.  b)  Minimizing  vs. 
maximizing  individual  differences.  A  second  distinc¬ 
tion  between  training  and  education  had  been  referred 
to  above.  This  is  related  to  the  fact  that  training 
with  reference  to  specific  behaviors  implies  a  certain 
uniformity.  Individuals  are  taught  to  perforn  similar 
behaviors,  and  they  learn  to  do  so  within  the  limits 
of  the  variability  introduced  by  individual  differen¬ 
ces.  Education,  on  the  other  hand,  attempts  to  maxi¬ 
mize  individual  differences  by  teaching  in  such  a 
manner  that  each  individual  eventually  behaves  in  a 
way  singular  to  him  on  the  basis  of  the  groundwork 
of  a  basic  education.  As  a  result,  individuals  learn 
to  create,  invent,  and  solve  problems  in  non-uniform 
ways  (Glaser,  1962). 

Teaching  machines,  and  to  a  large  extent  computer 
assisted  instruction,  are  directed  almost  entirely  at  the 
training  level.  This  occurs  by  definition  as  the  desired 
student  behavior  must  be  specified  in  advance.  Teaching 
machines  and  the  presently  programmed  computer- teache rs  can¬ 
not  recognize  creativity  by  their  very  nature. 

The  projects  discussed  in  this  section  provide 
reasonable  solutions  to  this  problem  by  attempting  to  indi¬ 
vidualize  instruction  without  ignoring  the  need  to  provide 
channels  for  personal  communication  between  the  student  and 
other  humans.  Four  recent  experiments  are  presented:  PLAN 
(A  Program  for  Learning  in  Accordance  with  Needs),  I.P.I. 
(Individually  Prescribed  Instruction),  I.M.U.  (Individualized 
mathematics  instruction),  and  an  experiment  conducted  by 
Mort 1 ock . 


About  thirteen  years  ago,  CREATE  (Center  for 
Research  and  Evaluation  in  Applications  of  Technology  in 
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Education)  initiated  a  propram  called  project  TALENT.  Their 
work  led  to  project  PLAN.  Project  TALENT  identified  four 
basic  needs  in  the  current  education  system,  viz; 

1.  A  need  to  provide  for  the  very  large  individual 
differences  found  in  any  grade  or  age  group. 

2.  A  need  to  assist  the  student  in: 

a)  developing  a  sense  of  responsibility  for  his 
educational/  personal  and  social  development,  and 

b)  making  realistic  educational  decisions  to  make 
full  use  of  his  talents. 

3.  A  need  to  broaden  the  focus  of  educational  objec¬ 
tives  in  order  to: 

a)  facilitate  occupational  planning, 

b)  emphasize  responsibilities  of  citizenship,  in¬ 
cluding  personal  and  social  development,  and 

c)  include  aspects  of  a  general  education  which 
wi 1 1  help  students  make  more  satisfying  use  of  their 
anticipated  increase  in  leisure  time. 

4.  A  need  to  provide  more  flexible  and  efficient  cur¬ 
ricula  and  i ns truct i onal  methods  necessary  to  enable  each 
student  to  plan  his  education  to  prepare  him  for  the  roles 
he  selects. 

Project  PLAN  is  an  attempt  to  overcome  these  de¬ 
ficiencies  through  the  use  of  computer  assisted  instruction 
management  (although  they  apply  the  term  computer  assisted 
instruction).  The  implementation  of  PLAN  required  the  addi- 
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tion  of  five  new  components  to  the  present  educational 
system. 

1.  Detailed  educational  objectives.  These  objectives 
would  be  listed/  as  far  as  possible/  in  terms  of  behavior 
changes  expected.  They  would  not  be  considered  exhaustive/ 
nor  would  they  remain  fixed.  Follow-up  studies  and  detailed 
case  studies  of  students  would  provide  direction  for  periodic 
rev i s i ons . 

2.  Procedures  for  measurement.  One  of  the  paps  in 
the  current  system  is  an  adequate  means  for  measuring  the 
important  objectives  of  education. 

3.  Teach i ng- 1  earn i ng  units.  Several  teach i nr- 1  earn i ng 
units  varying  in  content/  node  o^  presentation/  length/ 
and/or  some  other  dimension  would  be  prepared  for  each  set 

of  objectives/  so  that  at  least  one  of  them  could  be  expected 
to  provide  proper  instruction  for  any  student  who  has  com¬ 
pleted  the  prerequisite  work. 

4.  Methods  and  materials  for  guidance.  For  the  student 
to  choose  his  own  educational  objectives/  and  for  the  teacher 
to  he  able  to  help  him/  methods  and  materials  must  be  adapted 
or  developed  to  evaluate  the  contingencies. 

5.  Techno  I og i ca 1  equipment  and  computer  programs. 
Essential  to  the  functioning  of  the  whole  system  is  a  com¬ 
puter  which  v/ould  assist  the  teacher  by  performing  the  sche¬ 
duling/  scoring/  record  keeping/  and  information  storage  and 


retrieval  duties. 
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The  computer  would  compile  detailed  information 
on  how  each  student  learned,  the  goals  he  had  achieved,  his 
interests,  and  his  estimated  potentials.  At  the  beginning 
of  a  school  year,  a  synopsis  of  a  particular  student’s  re¬ 
cord  would  be  given  to  a  teacher,  who,  in  conference  with  the 
student  would  set  up  long,  i n termed i a te,  and  short  range 
goals.  Input  to  the  computer,  these  goals  would  cause  teach¬ 
ing-learning  units  matched  to  the  student’s  learning  style 
and  aptitudes  to  be  produced,  along  with  suggested  readings, 
workbooks,  audio-visual  material  references,  and  specific 
suggestions.  Progress  reports,  input  regularly,  would  enable 
the  computer  to  construct  periodic  tests  and  update  the  stu¬ 
dent’s  records  (Mager,  1967;  Flanagan,  1967). 

Four  objections  to  project  PLAN  arise: 

1.  It  may  be  morally  objectionable  to  have  such  de¬ 
tailed  information  about  people  stored  for  ready  access  in  a 
compu  ter . 

2.  A  teacher’s  classification  of  a  pupil,  entered  into 
the  computer  might  cause  a  stereotyped  approach  to  his  learn¬ 
ing. 

3.  A  system  such  as  the  one  envisioned  would  be  costly 
to  undertake  and  maintain. 

4.  It  may  turn  out  that  the  teacher,  with  his  limited 
knowledge  about  each  student,  is  still  able  to  make  better 
educational  decisions  concerning  materials  for  a  child  than 


a  computer  can. 
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I.P.I.  is  a  program  of  individualized  instruction 
developed  by  LRDC  (Learning  Research  and  Development  Center 
of  the  University  o^  Pittsburg)  and  disseminated  by  RTS 
(Research  for  Better  Schools  Inc.,  Philadelphia).  It  has 
been  implemented  in  over  one  hundred  schools  in  both  Canada 
and  the  United  States/  mainly  in  the  areas  of  elementary 
school  reading  and  mathematics. 

Under  I.P.I./  the  teacher's  role  would  be  diag¬ 
nostic  and  prescriptive  rather  than  mainly  instructive;  he 
would  spend  much  of  his  time  reviewing  student  marl's  and 
making  out  prescriptive  sheets.  These  sheets  wou I d  be  used 
by  students  to  locate  their  current  assignments.  Pehavioral 
objectives  would  be  used,  and  the  students  tested  often 
(the  tests  would  be  marked  by  teacher  aides)  to  naLe  diagnos¬ 
tics  as  accurate  as  possible.  The  objectives  would  groun- 
ed  in  streams  of  content  and  could  cross  up  to  seven  levels 
of  depth.  Lesson  materials  would  be  geared  closoly  to  the 
objectives  and  the  teacher  could  often  prescribe  at  least  six 
settings  of  presentation  (teacher  tutor/  peer  tutor/  small 
group/  large  group,  seminar,  or  independent  study).  Up  to 
five  distinct  sets  of  materials  (texts,  films,  records  or 
tapes,  research,  or  manipulative  devices)  would  be  avail¬ 
able  for  any  given  lesson. 

Six  important  factors  present  in  the  I.P.I.  system 


are : 

1.  F.ach  student  determines  his  own  rate  of  learning. 
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2.  Each  student  determines  his  required  amount  of 
prac  t i ce . 

3.  The  nature  of  each  student  affects  his  learning 
si tua t i on . 

4.  Students  come  to  expect  mastery  (65£  is  required). 

5.  Students  can  work  independently. 

6.  Children  are  guided  daily  by  a  teacher. 

Some  of  these  factors  are  not  directly  related  to 
individualized  instruction,  hut  are  important  none  the  less. 
The  usual  forms  of  evaluation  cause  students  to  take  'beating 
the  class  average'  as  a  learning  goal.  This  makes  evaluation 
superflous  and  incidentally  causes  children  in  competition  to 
hoard  information,  rather  than  sharing  it  wi th  classmates. 
Expecting  mastery  of  behavioral  objectives  has  the  opposite 
effect,  causing  children  to  cooperate  and  making  evaluation 
simpler  for  the  teacher  and  more  relevant  for  the  child. 

Having  students  work  independently  is  worthwhile 
not  only  because  it  allows  them  to  work  at  their  own  rate, 
but  because  it  fosters  a  sense  of  responsibility  for  one's 
own  learning  and  causes  students  to  develop  their  own  goals. 
Giving  students  an  individually  prepared  prescriptive  sheet 
daily  is  also  a  considerable  advantage,  especially  at  the 
elementary  level.  It  gives  children  dignity  and  a  sense  of 
their  own  self  worth. 

I.M.U.  was  conducted  by  Oreburg  under  the  Insti¬ 
tute  of  Educational  Psychology,  Malmo  School  of  Education  in 
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Malmo,  Sweden.  The  project  began  with  pilot  studies  in  1963 
and  was  slated  to  conclude  with  the  main  experiment  on  11,500 
pupi Is  in  1971. 

The  pilot  study  showed,  among  other  things,  that 
se 1 f- i ns  true t i onal  material  should  be  graded  in  terms 
of  degree  of  difficulty  and  divided  into  small  units. 

...  Moreover,  it  showed  that  the  pupil's  working  ca¬ 
pacity  showed  great  variance.  The  fastest  pupil  worked 
through  a  certain  material  about  10  times  more  exten¬ 
sive  than  that  which  the  slowest  pupil  could  cover 
(Oreburg,  pp.  3-4,  1968). 

Figure  1  shows  the  ways  in  which  a  student 
worked  through  the  material  developed  for  I.M.U..  Component 
'A'  is  common  to  all  students,  but  every  student  works  at  his 
own  pace.  On  completion  of  component  A,  each  student  took 
a  test  and  then  selected  one  of  components  B(l),  B(2),  B ( 3 ) 
with  the  help  of  his  teacher.  (The  percentages  in  the  dia¬ 
gram  indicate  the  usual  distribution.)  Finishing  this  (each 
component  took  from  three  to  four  weeks),  students  wrote  an¬ 
other  test  and  then  selected  a  ' C 1  component.  A  final  test; 
and  for  those  who  needed  extra  work,  the  D  component;  finished 
the  module. 

The  components  with  subscript  '1'  were  intended 
for  the  weakest  students,  and  subscript  '3'  for  the  best. 

These  were  similar  in  nature,  but  contained  work  varying  in 
degree  of  difficulty.  The  dotted  lines  in  the  figure 
show  that  the  students  sometimes  changed  levels  during  a  mo¬ 
dule;  but  at  regular  intervals  they  came  together  again  in 
the  A  component. 

The  D  component  contained  material  for  repetition 
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in  connection  with  diagnostic  tests,  individual  work,  group 
work,  and  group  discussions. 

The  I .M.U.  program  has  two  distinct  differences 
from  the  I.P.I.  One,  the  teachers  using  I. M.IJ.  were 
obliged  only  about  ten  times  per  school  year  to  consider 
which  material  was  suitable  for  each  student,  as  opposed  to 
daily  with  I.P.I.  Secondly,  the  i.M.U.  allows  for  varia¬ 
bility  of  content;  that  Is,  all  students  were  not  expected 
to  cover  the  same  content.  Students  constantly  working  at 
level  three  were  exposed  to  material  Involving  more  depth  of 
unde rstand I ng  than  were  the  level  one  students.  This  con¬ 
sideration  Is  perhaps  not  as  important  at  the  elementary 
level  (where  I.P.I.  is  used),  but  is  certainly  relevant  in 
higher  grades  (I.M.U.  was  used  with  grades  seven,  eight  and 
nine). 

Mortlock  (1969)  devised  and  conducted  an  experi¬ 
ment  in  Individualization  in  1967-68  at  University  High 
School  of  the  University  of  Michigan.  His  Initial  plan  is 
depicted  in  figure  2. 

Students  were  given  a  detailed  set  of  terminal  and 
subordinate  objectives  (constructed  according  to  the  guide¬ 
lines  of  Mager),  each  labeled  one  of  Basic,  Intermediate, 
or  Advanced.  The  whole  class  was  taught  the  section  at  the 
intermediate  level,  and  then  given  a  test  (Phase  I).  The 
results  of  this  test  streamed  the  students  into  three 
groups:  Basic,  Intermediate,  and  Advanced.  These  groups 
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were  then  taught  separately  (Phase  II).  A  second  test  fur¬ 
ther  streamed  the  students  of  each  group  into  two  categor¬ 
ies;  both  studied  unachieved  objectives  independently  and 
wrote  tests  on  single  objectives  when  they  were  ready 
(Phase  III).  On  expiry  of  the  time  available  for 
Phase  III/  the  next  topic  was  started  and  the  three  phases 
repeated.  At  the  end  of  several  topics/  comprising  a  unit/ 
an  end-of-unit  review  assignment  was  given  to  provide  the 
students  with  an  overall  perspective  of  that  unit. 

Ouring  the  course  of  the  experiment/  three  signif¬ 
icant  classroom  management  modifications  were  found  neces¬ 
sary: 

1.  Phase  III  used  up  student  and  teacher  time  without 
significantly  improving  the  learning  of  the  students.  It 
was  dropped. 

2.  The  subordinate  objectives  included  had  several 
disadvantages:  they  slowed  teaching  by  causing  too  much  at¬ 
tention  to  detail/  the  students  had  difficulty  in  recogniz¬ 
ing  the  important  objectives/  and  their  inclusion  made  the 
tests  too  long  (every  objective  was  tested).  As  a  conse¬ 
quence  of  these  problems/  many  of  the  subordinate  objectives 
were  removed  from  later  topics. 

3.  Independent  study  was  introduced  for  some  of  the 
more  able  students.  They  reacted  favorably  to  this,  and 
were  still  able  to  achieve  objectives  at  an  acceptable 
level.  The  teacher  was  then  freed  to  spend  more  time  with 
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the  less  able  students. 

Two  other  classroom  management  contingencies 
seemed  important  as  judged  by  the  students  on  question- 
a i  res . 

1.  The  listing  of  objectives  was  important  to  the 
students.  Students  felt  that  the  list  was  motivating,  be¬ 
cause  it  made  the  course  organization  apparent,  it  translat¬ 
ed  the  text  to  a  practical  level,  and  it  served  as  a  good 
reference  for  homework  and  review.  This  list  also  helped 
the  teacher  by  making  tests  and  lessons  easier  to  prepare, 
and  giving  precise  indications  of  student  weaknesses.  (Some 
of  this  latter  advantage  was  lost  when  many  of  the  subor¬ 
dinate  objectives  were  removed.)  Students  did  not  feel  that 
they  fragmented  the  course,  but  did  feel  that  since  what  was 
required  was  clearly  laid  out,  it  was  easier  to  make  up  work 
missed  through  absenteeism. 

A  final  point  is  that  a  teacher  who  was  to  assist 
flortlock  had  difficulty  in  adapting  to  the  situation. 
Mortlock  judged  this  to  be  a  result  of  the  experimental 
environment  being  imposed  from  without;  he  suggested  that 
this  problem  could  have  been  avoided  if  the  teacher  was 
allowed  to  enter  into  the  designing  of  the  experiment. 

There  are  many  more  projects  concerned  with  indi¬ 
vidual  ized  instruction  that  were  recently  or  are  currently 
active.  The  four  chosen  here  were  presented  because  each 
had  some  significant  ideas  that  contributed  to  the  construe- 


.9cj  , gnl ievl 3om  led  JsrfJ  *r.*  .,:,.^bu3£ 


39 


tion  of  the  current  experiment.  Project  TALENT/  in  identi- 
fying  the  four  basic  needs  of  our  present  educational  system/ 
has  provide  an  overview  of  the  problem.  Project  PL  AN ' s  sol¬ 
utions  have  shown  a  general  method  of  attack.  I.P.I.  has 
been  presented  because  of  its  organizational  concepts/  and 
also  because  it  is  currently  being  tried  in  F^monton 
schools.  Through  its  solid  funding  and  general  availability 
it  has  quickly  become  an  attractive  vehicle  for  experimen¬ 
tation  in  both  Canada  and  the  U.S.  The  presentation  of 

I.M.U.  has  shown  that  our  problems  are  not  regional/  has 
acknowleged  a  similar  management  plan,  and  has  contributed 
a  number  of  significant  ideas.  The  overview  of  Mortlock's 
experiment  has  brought  out  the  final  concepts  necessary  to 
the  historical  basis  of  the  present  experiment. 

Any  experiment  usually  has  two  guiding  forces; 
one  is  the  successes  and  failures  of  similar  experiments 
in  the  past/  and  the  other  is  the  hypotheses  and  theories 
about  the  variables  being  considered.  The  former  has  been 
considered  in  the  present  chapter/  the  latter  is  the  toric 
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CHAPTER  THREE 


THEORETICAL  RATIONALE 


It  was  the  purpose  of  this  experiment  to  devise  and 
test  a  form  of  instruction  for  grade  seven  mathematics  which 
would  meet  the  individual  needs  of  pupils  in  a  more  complete 
way  than  traditional  instruction  methods.  In  designing  the 
treatment  for  this  experiment  a  number  of  basic  assumptions 
and  decisions  were  necessary.  The  purpose  of  this  chapter  is 
to  present  these  basic  assumptions  and  to  rationalize  the 
more  important  decisions  that  were  made. 

The  first  section  of  this  chapter  presents  a  list 
of  student  variables  which  led  to  the  decision  to  incorporate 
four  broad  curriculum  aspects  into  the  treatment  design.  The 
following  three  sections  discuss  the  rationale  behind  the  or¬ 
ganization  of  the  treatment,  the  use  of  ability  grouping/  and 
the  construction  of  behavioral  objectives. 

1.  A  BASIS  FOR  INDIVIDUALIZATION 

The  Hall -Dennis  report  makes  over  two  hundred  and 
fifty  specific  recommendations  to  various  bodies  concerned 
with  education  In  Ontario.  However/ 

All  of  them  are  designed  to  support  the  one  fundamental 
recommendation  of  this  committee: 

Establish,  as  fundamental  principles  governing  school 
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education  ... 

a)  the  right  of  every  individual  to  have  equal  access 
to  the  learning  experiences  best  suited  to  his  needs/  and 

b)  the  responsibility  of  every  school  authority  to  pro¬ 
vide  a  child-centered  learning  continuum  that  invites 
learning  by  Individual  discovery  and  inquiry  (Hall/ 
Dennis,  et.  al . /  p.  179/  1968). 

The  first  step  In  designing  a  program  to  meet  the 
needs  of  students  is  to  identify  the  variables  which  may 
influence  the  fulfilling  of  these  needs.  This  experiment  was 
concerned  with  a  single  need;  the  need  of  grade  seven 
students  to  learn  appropriate  mathematics.  Following  is  a 
list  of  variables  thought  to  be  important  to  this  need  by 
the  experimenters. 

1.  INTELLIGENCE.  The  general  intellectual  ability  of 
the  child. 

2.  APTITUDE.  Specifically/  aptitude  for  mathematics. 
This  includes  computational  skills,  ability  to  reason  logical¬ 
ly,  and  ability  to  use  symbols. 

3.  LEARNING  STYLE.  The  ways  in  which  a  student  is 
best  able  to  learn. 

4.  CREATIVITY.  Used  in  its  broad  sense,  but  most  im¬ 
portantly,  the  ability  to  arrive  at  problem  solutions  which 
have  not  been  specifically  taught. 

5.  STUDY  SKILLS  AND  HABITS.  The  effort  applied  and  the 
attitude  of  students,  to  homework  and  se 1 f -d I rec ted  study. 

6.  READING  ABILITY.  This  includes  reading  speed, 
comprehension,  and  vocabulary. 

7.  PRIOR  KNOWLEDGE.  The  knowledge  that  a  student  has 
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available  to  bring  to  bear  on  mathematics  learning.  This 
refers  mainly  to  mathematical  knowledge. 

8.  RESPONSIBILITY.  The  ability  of  a  student  to  hold 
himself  accountable  for  his  own  actions/  especially  his 
own  learning. 

9.  MOTIVATION.  The  internal  and  external  forces  acting 
on  a  student  which  cause  him  to  learn. 

10.  INTERESTS.  Those  fields  of  study  or  endeavor  in 
which  the  student  has  knowledge  or  a  desire  to  learn. 

11.  ATTITUDE.  The  student's  feelings  towards  school, 
towards  mathematics,  towards  peer  groups,  and  towards  compe- 
t i t i on . 

12.  ANXIETY.  The  student's  apprehensions  about  school, 
about  new  situations,  and  about  evaluation  of  his  efforts. 

13.  ATTENTION  SPAN.  The  length  of  time  which  a  student 
can  attend  to  one  particular  activity. 

14.  PHYSICAL  CONDITION.  Those  aspects  of  a  student's 
health,  of  either  long  or  short  term  duration,  which  affect 
his  ability  to  1  earn. 

Although  these  variables  overlap  in  many  important 
areas,  this  does  not  detract  from  their  usefulness  as  guide¬ 
lines  in  designing  the  treatment.  The  interaction  of  these 
variables  within  students  can  be  observed  to  result  in  three 
main  effects. 

1.  Some  students  are  able  to  learn  more  quickly  than 
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2.  Time  being  equal,  some  students  are  able  to  learn  a 
given  concept  more  thoroughly  than  others. 

3.  Ability  being  equal,  different  students  may  learn 
better  through  different  modes  of  presentation. 

The  first  two  of  these  effects  are  closely  related. 
The  student  who  is  able  to  learn  quickly  is  also  usually  the 
one  who  is  able  to  learn  most  thoroughly.  The  variables  which 
seen  to  result  in  these  two  effects  are  coincident.  Long 
term  variables,  those  which  remain  relatively  stable  for  each 
student  over  a  month  or  more,  which  may  influence  these 
effects  are:  Intelligence,  aptitude,  study  skills  and  habits, 
reading  ability,  prior  knowledge,  motivation,  attention  span, 
and  physical  condition.  The  last  three  of  these;  motivation, 
attention  span  and  physical  condition;  have  minor  fluctuations 
from  day  to  day  that  can  considerably  influence  the  function¬ 
ing  of  the  long  term  variables.  This  effects  the  speed  and 
thoroughness  of  a  child's  learning. 

Provisions  can  be  made  for  these  two  effects  by  al¬ 
lowing  the  amount  of  time  each  student  has  for  learning  a 
given  concept  to  vary.  Besides  recognizing  the  variables 
underlying  these  effects,  this  provision  may  also  result  in 
a  positive  influence  on  the  variables  of  responsibility,  mo¬ 
tivation,  attitude,  and  anxiety. 

Carroll  (1962)  feels  that  the  time  factor  is  most 
important  in  determining  a  student's  degree  of  learning. 

Thus : 

Degree  of  learning  =  (time  actually  spent  /  time  needed). 
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The  numerator  of  this  fraction  will  be  equal  to  the 
SMALLEST  of  the  following  three  quantities: 

(1)  opportunity  -  the  time  allowed  for  learning, 

(2)  perseverance  -  the  amount  of  time  the  learner  is 
willing  to  engage  actively  In  the  learning,  and 

(3)  aptitude  -  the  amount  of  time  needed  to  learn  in¬ 
creased  by  whatever  amount  necessary  in  view  of  poor 
quality  of  instruction  and  lack  of  ability  to  understand 
less  than  optimal  Instruction. 

This  last  quantity  (time  needed  to  learn  after  adjust¬ 
ment  for  quality  of  instruction  and  ability  to  under¬ 
stand  instruction)  Is  also  the  denominator  of  the 
fraction  (p.  730/  1962). 

The  factors  of  perseverance  and  aptitude  are  al¬ 
lowed  for  by  providing  varying  amounts  of  time  for  learning 
tasks;  adnl n i st rat  I onal  allowances  should  be  made  to  insure 
that  opportunity  Is  never  less  than  either  of  these. 

This  creates  a  problem  in  that  some  students  may 
have  the  perseverance  and  aptitude  requiring  an  unacceptably 
large  amount  of  time  for  a  given  learning  task.  The  only 
solution  appears  to  be  to  vary  the  learning  tasks  among  stu¬ 
dents  so  that: 


1.  students  will  receive  learning  tasks  which  will  not 
require  an  inordinate  amount  of  time  for  them/  and 

2.  students  who  consistently  require  large  amounts  of 
time  will  get  fewer  learning  tasks. 

This  solution  is  a  pragmatic  one  which  recognizes  the  simple 
accepted  fact  that  given  the  present  school  system/  some  stu¬ 
dents  will  learn  more  than  others. 

The  variable  of  learning  style  is  responsible  for 
the  third  main  effect:  ability  being  equal,  different  students 
nay  learn  better  through  different  modes  of  presentation. 
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Many  students  can  learn  well  through  printed  material,  but 
audio-visual  material  and  manipulative  apparatus  are  clearly 
advantageous  for  some  students.  In  recognition  of  this 
effect,  opportunities  should  be  provided  for  students  to 
choose  the  mode  of  learning  which  best  suits  their  own  learn¬ 
ing  style. 

Only  two  of  the  variables  listed  as  influencing  the 
learning  of  mathematics  remain  to  be  accounted  for.  They  are 
interests  and  creativity.  Because  of  their  fluid  nature, 
only  a  very  flexible  situation  can  allow  for  them  effectively. 
Some  form  of  enrichment  activity  offered  in  a  loosely  struc¬ 
tured  time  Interval  would  allow  the  teachers  to:  (a)  provide 
the  opportunity  for  students  to  persue  personal  interests  re¬ 
lated  to  mathematics;  and,  (b)  foster  and  develop  creative 
abilities  in  individual  students. 

The  method  proposed  for  meeting  the  need  to  learn 
mathematics  in  view  of  the  related  variables  then,  is  to  pro¬ 
vide  a  variable  curriculum.  This  variable  curriculum  must 
contain  the  following  four  aspects: 

1.  varying  time  for  each  student  on  each  learning  task, 

2.  varying  learning  tasks  for  individual  students, 

3.  varying  modes  of  presentation  or  learning,  and 

4.  enrichment  opportunities. 

These  four  aspects  cannot  guarantee  a  fully  indi¬ 
vidualized  instructional  program  through  implementation;  nor 
do  they  circumscribe  the  possibilities  for  Individualization. 
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Rather/  they  present  four  segments  of  a  program  which  has  the 
potential  to  allow  for  all  of  the  variables  listed  as  being 
important  to  students  in  the  learning  of  mathematics. 

There  is  also  an  implied  hierarchy  in  the  above 
listing.  It  is  very  difficult  to  allow  variations  in  the 
learning  tasks  set  for  children  unless  provision  is  also  made 
for  students  to  work  for  varying  lengths  of  time  on  these 
separate  tasks.  Therefore,  varying  time  must  be  established 
before  varying  content  can  be  implemented.  Similarly,  if  stu¬ 
dents  are  to  be  allowed  different  modes  of  instruction,  then 
the  possibilities  of  varying  content  and  varying  time  must 
also  be  available.  Varying  modes  must  come  third. 

In  constructing  a  curriculum  then,  priority  should 
be  given  to  allowing  varying  content  and  rate.  The  implemen¬ 
tation  of  varying  modes  is  a  difficult  task,  but  a  set  of 
procedures  could  be  devised  which  would  allow  for  the  addi¬ 
tion  of  varying  modes  with  less  difficulty. 

The  fourth  aspect,  enrichment  opportuniti  es,  al¬ 
though  basically  used  to  account  for  interest  and  creativity, 
could  be  used  as  a  'governor'  in  the  curriculum.  Students 
who  worked  very  rapidly  could  be  directed  to  enrichment  work 
so  that  the  time  differential  between  students  would  not  be¬ 
come  unmanageable.  This  use  of  enrichment  would  serve  a  use¬ 
ful  purpose,  but  is  not  altogether  defensible.  The  fast¬ 
working  students  are  not  the  only  ones  for  whom  enrichment 
opportunities  should  be  made  available.  This  objection  can 
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be  offset  somewhat  by  insuring  that  all  students  have  at 
least  some  time  for  enrichment  work. 

2.  ORGANIZATION  OF  THE  TREATMENT 

The  amount  of  responsibility  a  student  is  able  to 
accept  for  his  own  learning  is  related  to  his  perception  of 
the  organizational  structure  of  the  learning  tasks.  If  the 
student  is  unable  to  determine  how  his  learning  tasks  are 
arranged;  if  he  cannot  perceive  which  task  to  attempt  on 
completion  of  the  current  one,  then  the  organization  is 
opaque.  He  cannot  then,  take  the  responsibility  for  going  on 
to  the  next  learning  task.  Further,  this  encourages  the  be¬ 
lief  that  the  responsibility  for  directing  his  work  and 
therefore  the  responsibility  for  his  learning  resides  in  the 
teacher,  not  himself. 

A  translucent  organization  is  illustrated  by  the 
I . P. I .  system  of  instruction  (discussed  in  Chapter  II).  Here 
the  student  is  aware  that  the  results  of  his  work  will  deter¬ 
mine  which  learning  tasks  he  will  have  next.  Providing  an 
obvious  link  between  a  student's  work  and  his  learning  tasks 
encourages  the  student  to  appreciate  his  responsibility  for 
his  learning.  However,  since  the  teacher  must  make  the  ac¬ 
tual  decisions  and  assign  the  learning  tasks,  the  student  is 
not  himself  fully  accountable. 

One  of  the  assumptions  underlying  the  present  ex- 
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periment  was  that  students  must  be  aware  of  the  responsibility 
for  their  personal  learning.  Therefore  a  more  near  ly  trans¬ 
parent  organization  was  designed.  This  does  not  mean  that 
students  would  be  able  to  do  anything  they  wished,  but  rather 
that  all  possible  choices  would  be  presented  to  them  and  they 
could  then  choose  freely  among  the  alternatives.  This  also 
does  not  mean  that  students  would  not  be  accountable  for 
their  choices,  but  rather  that  the  consequences  of  their  ac¬ 
tions  would  be  clearly  spelled  out  beforehand. 

A  major  implication  of  this  decision  is  that  the 
organizational  structure  and  procedures  must  be  clearly  under¬ 
stood  by  all  students.  This  can  be  done  through  an  orien¬ 
tation  period  during  which  the  instructional  model  and  all 
alternatives  open  to  the  students  are  presented  by  the  teach¬ 
ers.  This  orientation  would  proceed  more  slowly  for  some 
students  than  for  others,  and  teachers  would  have  to  insure 
that  each  student's  grasp  of  the  organization  of  the  whole 
treatment  was  complete. 

The  transparent  organization  of  the  treatment  would 
not  be  observable  in  any  one  phenomenon;  but  would  permeate 
the  whole  program.  Students  would  be  able  to  make  their  own 
decisions  within  broad  guidelines.  They  would  be  able  to 
choose  certain  topics,  and  omit  others  which  they  felt  were 
beyond  their  abilities  or  which  they  felt  they  had  already 
learned.  Even  though  such  a  program  would  have  a  very  com¬ 
plicated  structure,  it  would  be  repetitive.  As  students  went 
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through  the  procedures  again  and  again/  they  would  be  able  to 
grasp  the  whole  import  of  their  choices. 


3.  ABI  LITY  GROUPING 


The  school  responds  to  differences  in  learning  rates 
in  many  ways.  Sometimes  the  policy  of  the  school  i s,  in 
effect  to  ignore  these  differences;  a  certain  amount  of 
time  is  provided  for  everybody  to  learn  and  no  more. 

(For  example,  at  some  military  academies,  study  time  is 
prescribed  and  scheduled  uniformly  for  all  cadets.)  At 
the  opposite  extreme  is  the  case  where  each  student  is 
allowed  to  proceed  at  exactly  his  own  rate;  private  in¬ 
struction  in  music  or  foreign  languages  and  self-instruc¬ 
tion  by  teaching  machine  or  other  means  are  approxima¬ 
tions  to  this  case.  The  middle  position  is  occupied  by 
learning  situations  in  which  there  is  some  kind  of 
'ability  grouping':  Pupils  are  assigned  to  different 
groups,  classes,  or  curricula  on  the  basis  of  learning 
rates  (Carroll,  p.  727,  1962). 

A  parallel  situation  exists  with  learning  content. 
However,  in  most  schools  a  certain  content  is  specified  for 
everyone,  and  this  is  what  they  are  expected  to  learn. 

Through  a  merger  of  self-instruction  and  ability 
grouping,  it  is  possible  to  devise  a  program  in  which  each 
student  can  proceed  at  his  own  rate  and  cover  individualized 
content.  Perhaps  the  easiest  way  of  providing  for  self-in¬ 
struction  is  through  self-study  printed  materials.  The  most 
reliable  method  of  ability  grouping  is  based  on  previous  a- 
chievement,  especially  previous  achievement  on  the  same 
content.  Group  membership  will  help  to  determine  what  content 
individuals  should  cover;  and  programming  the  self-study 
materials  could  make  this  aspect  even  more  individually 
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tailored.  Students  should,  of  course,  be  able  to  proceed  at 
thei r  own  rates  . 

It  might  be  expected  that  faster  learning  students 
would  enter  the  higher  ability  group.  Here  they  could  be 
given  more  learning  tasks  than  the  other  groups  to  help  re¬ 
move  the  time  differential  between  them  and  slower  students. 
Similarly,  lower  groups  could  be  given  fewer  than  average 
learning  tasks;  however,  care  would  have  to  be  taken  to  remove 
only  those  tasks  which  were  not  essential  to  mastering  content 
which  might  arise  later  in  the  program. 

A  basic  assumption  of  the  experimenters  was  that 
the  treatment  should  be  designed  so  that  students  could  attain 
and  would  be  expected  to  achieve  mastery  of  the  subject 
content  they  were  given. 

Most  students  (perhaps  over  90  per  cent)  can  master 
what  we  have  to  teach  them,  and  it  is  the  task  of  the 
instruction  to  find  the  means  which  will  enable  our  stu¬ 
dents  to  master  the  subject  under  consideration.  Our 
basic  task  is  ...  to  search  for  the  methods  and  materials 
which  will  enable  the  largest  proportion  of  our  students 
to  attain  such  mastery  (p.  1) 

There  are  many  alternative  strategies  for  mastery 
learning.  Each  strategy  must  find  some  way  of  dealing 
with  individual  differences  in  learners  through  some 
means  of  relating  the  instruction  to  the  needs  of  the 
learners.  We  believe  that  each  strategy  must  include 
some  way  of  dealing  with  the  five  variables  discussed  in 
the  foregoing  (p.  7).  (These  five  variables  were: 

1.  aptitude  for  particular  learning, 

2.  quality  of  instruction, 

3.  ability  to  understand  instruction, 

4.  perseverance,  and 

5.  time  allowed  for  learning.)  (Bloom,  1968) 

All  students  cannot  be  expected  to  master  the  same 
content,  therefore  at  least  three  hierarchical  content  pack- 
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ages  should  be  available.  By  virtue  of  the  achievement  group 
of  any  student/  the  content  package  he  would  be  expected  to 
master  would  be  determined.  The  content  for  individual  stu¬ 
dents  would  naturally  overlap  to  a  large  extent  (they  are 
taking  the  same  course). 

Because  of  fluctuations  in  the  short  term  variables 
discussed  in  the  first  part  of  this  chapter/  it  cannot  be  as¬ 
sumed  that  student  group  membership  would  remain  static. 
Mortlock  (see  Chapter  II)  found  that  students  changed  groups 
fairly  often  and  also  that  students  consistently  in  the  lower 
group  felt  they  were  'missing  something'  if  they  were  not  al¬ 
lowed  to  at  least  attempt  some  higher  group  tasks. 

Many  of  these  considerations  can  be  resolved  by  pro¬ 
viding  a  program  with  two  'phases'.  The  first  would  present 
all  students  with  intermediate  group  level  tasks/  perhaps 
indicating  which  were  essential  and  must  be  learned  by  the 
lower  group.  (This  group  would  then  have  the  option  of  om- 
mitting  tasks  which  were  not  imperative  to  them.)  A  test  of 
mastery  on  the  intermediate  level  tasks  could  then  be  used  to 
separate  the  three  groups.  The  second  phase  of  the  program 
would  then  consist  of  more  directed  work  for  the  lower  group, 
review  for  the  intermediate  group,  and  work  on  advanced  tasks 
for  the  higher  group.  (A  plan  similar  to  this  was  used  by 
Mortlock,  see  Chapter  II,  and  Mortlock,  1969) 


\ 


52 


4.  THE  BEHAVIORAL  OBJECTIVES 

Three  ideas  are  discussed  in  this  final  section:  the  need 
for  behavioral  objectives/  a  practical  method  for  constructing 
these  for  grade  seven  mathematics/  and  the  use  of  objectives 
in  a  variable  curriculum. 

Mager  (1962/  p.  4)  describes  a  situation  in  which  a 
group  of  students  were  given  a  series  of  courses/  each  with 
three  exams.  The  students  consistently  scored  poorly  on  the 
first  exam  and  then  improved  considerably  on  the  last  two.  A 
group  of  consultants  attributed  this  phenomenon  to  the  fact 
that  students  were  unclear  of  the  objectives  for  each  course. 
They  used  the  first  exam  to  find  out  what  the  objectives  were/ 
and  were  then  able  to  perform  better. 

Tylef  (1964/  p.  279)  identifies  three  student  sour¬ 
ces  of  information  on  the  objectives  of  a  course:  the  text¬ 
books  and  workbooks/  the  teacher's  actions  in  class/  and  ad¬ 
vice  from  other  students.  He  goes  on  to  point  out  that: 

Unless  the  exercises  in  the  workbooks  and  the  textbook 
assignments  clearly  reflect  the  desired  objectives/  the 
student  is  likely  to  resort  to  memorization  and  mech¬ 
anical  completion  of  exercises  rather  than  to  carry  on 
the  activities  which  are  really  relevant  to  the  required 
goals  ( p.  280/  1964). 

These  points  are  clearly  important  if  students  are 
to  proceed  using  self-study  materials;  as  one  of  the  main 
sources  of  objective  definition/  the  actions  of  the  teacher/ 
would  be  removed.  In  a  variable  curriculum  situation/  where 
different  students  would  have  different  objectives/  it  is 
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even  more  important  that  the  textbook,  workbook,  or  self-study 
materials  clearly  define  the  appropriate  objectives  for  the 
student  to  him. 

In  the  words  of  Bloom, 

The  specification  of  the  objectives  and  content  of  in¬ 
struction  is  one  necessary  precondition  for  informing 
both  teachers  and  students  about  the  expectations 
(Bloom,  p.  8,  1968). 

The  method  outlined  by  Mager  (1962)  for  preparing 
instructional  objectives  is  outlined  by  three  headings: 
terminal  behavior,  restrictions,  and  criterion.  An  instruc¬ 
tional  objective  is  a  statement  of  educational  intent.  For 
it  to  be  effective,  it  must  not  only  communicate  what  the 
learner  will  be  able  to  do  (terminal  behavior)  after  the  in¬ 
structional  sequence,  but  also  the  conditions  (restrictions) 
under  which  he  must  do  it,  and  the  way  acceptable  achievement 
of  that  objective  will  be  determined  (criterion). 

A  problem  arises  in  attempting  to  specify  the  re¬ 
strictions  for  objectives  in  grade  seven  mathematics.  Putting 

these  restrictions  in  precise  mathematical  terms  often  gives 
rise  to  such  unwieldy  statements  that  students  can  not  be  ex¬ 
pected  to  understand  them.  In  other  cases,  the  mathematics 
necessary  to  describe  the  restrictions  has  not  yet  been  taught 
to  the  students. 

Since  it  is  necessary  that  students  clearly  under¬ 
stand  their  objectives,  a  more  practical  form  for  stating 
them  is  needed.  In  a  situation  described  above,  students 
were  able  to  determine  the  objectives  for  their  course  from  a 
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single  exam  paper.  This  technique  can  be  applied  to  grade 
seven  mathematics  by  presenting  each  objective  as  a  simple 
statement  of  educational  intent  followed  by  a  sample  test 
question.  The  objective  can  be  made  even  more  useful  by 
supplying  a  complete  solution  to  the  test  question  and  indi¬ 
cating  how  the  answer  would  be  marked. 

Objectives  stated  in  this  way  still  rely  on  Mager's 
principles/  but  in  a  more  informal  way.  The  terminal  behavior 
is  indicated  by  the  solution  to  the  question;  the  restrictions 
are  implied  in  the  question  Itself,  and  the  criterion  is  in¬ 
dicated  by  the  way  in  which  the  question  would  be  marked. 

If  examiners  are  careful  to  construct  all  test  items 
so  that  they  are  parallel  to  the  samples  given  with  each  ob¬ 
jective,  this  method  has  a  second  advantage;  since  students 
will  know  the  type  of  question  to  be  asked  on  the  exam,  a 
lowering  of  test-anxiety  should  result. 

The  use  of  objectives  in  the  designed  program  is 
discussed  in  the  next  chapter,  and  examples  of  constructed 
objectives  can  be  found  in  Appendix  I  lie. 

Although  this  chapter  has  not  outlined  all  of  the 
available  theory  behind  the  procedures  employed  in  the 
present  experiment,  the  main  areas  of  departure  from  tradi¬ 
tional  instruction  have  been  identified  and  rationalized. 

The  following  chapter  presents  a  description  of  the  experi¬ 
ment.  In  detailing  the  actual  procedures  used,  much  of  the 
remaining  theoretical  background  is  implicitly  clarified. 
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CHAPTER  FOUR 


DESCRIPTIONS  OF  THE  EXPERIMENT 


Once  a  research  study  has  been  effected,  the  re¬ 
searcher  describes  it  as  carefully  and  completely  as  he 
can.  ...  other  persons  interested  and  knowledgeable  in 
that  same  field  may  then  replicate  the  research  them¬ 
selves.  Replication  is  only  possible  if  the  study  has 
been  described  in  sufficient  detail  for  another  re¬ 
searcher  in  a  distant  laboratory  to  undertake  the  same 
experiment  in  a  comparable  way  ( Frymier, p. 52, 1969 ) . 

It  is  the  purpose  of  this  chapter  to  describe,  in  "sufficient 
detail",  the  experiment  as  it  was  conceived  by  the  experi¬ 
menters;  not  only  for  the  purpose  of  replication,  but  to 
provide  information  on  the  background  to  and  procedures  for 
the  devised  method  of  individualizing  instruction.  The  ways 
in  which  the  devised  procedures  were  implemented  and  modified 
as  a  result  of  the  experiment  are  reported  in  the  next 
chapter.  The  description  of  the  program  is  divided  into 
three  segments  which  deal  with:  the  levels,  the  instruction 
management  plan,  and  the  materials. 

1.  THE  LEVELS 

Fundamental  to  the  operation  of  the  instruction 
management  plan  was  the  concept  of  three  levels:  Basic, 
Intermediate,  and  Advanced.  These  are  sometimes  abbreviated 
B,  I,  and  A,  and  are  used  in  three  ways: 
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1.  to  distinguish  levels  of  expectation/ 

2.  to  distinguish  types  of  objectives,  and 

3.  to  name  three  groups  to  which  students  were 
assigned. 

Although  it  may  be  true  that  most  students  can 
learn  every  concept  given  sufficient  time,  the  goal  of  the 
experiment  was  not  to  have  most  students  learn  every  concept. 
Rather,  it  was  to  have  every  student  learn  a  required  minimum 

amount  plus  as  much  more  as  he  was  able  to  cover  in  the  time 

available.  For  this  reason,  objectives  were  categorized  as 
Advanced,  Intermediate  or  Basic. 

The  Basic  objectives  were  those  considered  by  the 
teachers  and  experimenters  to  constitute  the  minimum  level  of 
achievement  necessary  to  proceed  sequentially  through  the 
course.  In  some  cases,  these  objectives  were  indeed  difficult 
to  achieve;  but  difficulty  was  not  the  principle  criterion  of 
classification.  The  Intermediate  objectives  were  those  con¬ 
sidered  to  constitute  what  the  average  group  of  students 
should  learn;  these  were  an  overset  of  the  Basic  objectives. 

If  an  objective  was  felt  to  be  desireable,  could  probably  be 

mastered  by  most  students,  but  was  not  really  necessary  to  a 
sequential  procedure  through  the  course,  it  was  classified 
as  Intermediate.  The  Advanced  objectives  were  those  consi¬ 
dered  by  the  teachers  and  exper i men ter s  to  constitute  what 
the  better  students  should  attempt  to  accomplish  above  the 
intermediate  level.  Objectives  found  desireable,  but  which 
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average  students  could  not  be  expected  to  achieve  in  a  reason¬ 
able  amount  of  time  were  classified  as  Advanced. 

Many  Intermediate  objectives  were  constructed  from 
Basic  objectives  by  altering  either  the  restrictions  or  the 
criterion  for  that  objective.  (An  example  would  be  objec¬ 
tives  B3.1  and  13.1,  see  Appendix  I  lie.)  These  objectives 
would  be  similar,  and  most  often  the  B  objective  was  restric¬ 
ted  to  numbers  which  caused  relatively  simple  calculations. 
Objectives  which  were  related  in  this  way  were  numbered  sim¬ 
ilarly  (c.f.,  B3.1,  13.1).  If  a  student  achieved  the  I  level 
objective  in  such  a  pair,  it  was  assumed  that  he  had  also 
achieved  the  B  level  objective. 

Students  working  at  the  Basic  level  were  placed  in 
the  Basic  group,  and  were  expected  to  achieve  all  Basic  ob¬ 
jectives.  Students  working  at  the  Intermediate  level  were 
placed  in  the  Intermediate  group,  and  expected  to  achieve  all 
Intermediate  level  objectives;  this  included  all  Intermediate 
objectives  and  all  Basic  objectives  for  which  there  were  no 
corresponding  Intermediate  objectives.  Students  working  at 
the  Advanced  level  were  placed  in  the  Advanced  group  and  ex¬ 
pected  to  achieve  all  intermediate  level  objectives  plus 
most  of  the  Advanced  objectives. 

Figure  3  may  help  to  make  these  distinctions 


clear. 
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2.  THE  INSTRUCTION  MANAGEMENT  PLAN 

No  credit  can  he  taken  by  the  experimenters  for 
invention  of  the  elements  of  the  plan  of  instruction  manage¬ 
ment  that  was  used  in  the  experiment.  The  idea  of  dividing 
students  into  more  homogeneous  groups  for  purposes  of  in¬ 
struction  has  been  used  by  teachers  for  some  time;  independent 
study  is  a  commonly  studied,  though  perhaps  not  widely  used 
educational  technique;  and  the  concepts  of  selective  review 
based  on  a  diagnostic  test,  variable  curriculum,  and  self¬ 
pacing  are  also  well  worn  educational  ideas  as  the  historical 
rationale  has  shown. 

The  management  plan  basic  to  the  experiment  uses 
all  these  ideas;  perhaps  not  to  their  full  extent,  but  as 
completely  as  the  situation  would  allow.  The  following  de¬ 
scription  is  divided  into  four  parts:  the  orientation. 

Phase  1,  Phase  2,  and  other  descriptions. 

The  Orientation 

At  the  outset  of  the  experiment,  several  class 
periods  were  to  be  devoted  to  explaining  to  the  students 
what  their  role  would  be.  Parents  were  also  to  be  invited  to 
spend  an  afternoon  at  the  school  to  become  familiar  with  the 

student* s  new  routine  (see  Appendix  II). 

During  the  experiment,  students  were  to  take  the 
responsibility  for  organizing  t  ho  I r  own  activities,  and 
therefore  needed  a  very  clear  picture  of  the  courses  open  to 
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them.  They  would  periodically  be  given  packets  of  self-study 
material.  These  packets  were  sen i -programmed  and  highly 
structured.  Instructions  were  given  at  every  decision 
point  in  the  packets,  but  student  under s tand i ng  of  their  gen¬ 
eral  nature  would  be  necessary  to  their  effective  use.  Flow¬ 
charts  (Appendix  Ilia)  would  be  provided  for  pupils  to  chart 
their  course  through  the  packets,  and  record  pages  (Appendix 
I  I  lb)  were  to  be  kept  by  each  student  to  indicate  the  areas 
in  which  he  needed  work.  The  roles  of  these  two  devices  would 
have  to  be  clearly  understood. 

Students  would  be  required  to  arrange  for  their  own 
tests  at  the  end  of  each  phase.  They  would  have  to  under¬ 
stand  how  to  arrange  for  these  tests,  what  the  tests  would 
cover,  and  when  and  where  they  could  be  taken.  There  were 
two  tests  for  each  topic,  a  diagnostic  test  called  Test  1, 
and  a  final  test  called  Test  2.  The  results  of  the  diagnos¬ 
tic  test  were  to  be  used  to  stream  the  students  into  the 
Basic,  Intermediate,  and  Advanced  groups.  Pupils  would  have 
to  know  the  criterion  for  streaming  in  advance,  and  also  have 
to  understand  the  levels  concept  discussed  In  the  previous 
sect i  on. 

The  students  would  already  be  familiar  with  beha¬ 
vioral  objectives  from  work  done  by  the  teachers  prior  to  the 
experiment  (see  Appendix  II),  but  they  would  now  have  to  be 
familiar  with  the  levels  of  the  objectives  being  indicated  by 
different  styles  of  type  and  different  numbering.  Finally, 
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they  would  have  to  know  the  implications  of  being  placed  in 
one  of  the  three  groups,  the  limits  on  the  speed  at  which 
they  could  work,  and  the  advantages  of  working  quickly  and 
efficiently. 

Naturally  most  students  would  not  be  able  to  grasp 
all  of  these  ideas  in  a  few  class  periods.  Orientation  was 
to  be  a  continuing  process  and  was  expected  to  last  well  into 
Topic  2  of  the  experiment.  For  students  who  were  unable  to 
manage  their  own  affairs  after  a  reasonable  amount  of  time, 
a  special  class  was  to  be  set  up  In  which  a  teacher  would 
tell  the  students  what  to  do  each  day.  This  special  class 
was  planned  so  that  as  students  became  aware  of  what  was  ex¬ 
pected  of  them,  they  could  rejoin  the  main  stream.  Other 
students  could  join  the  teacher- taught  class  for  one  or  two 
periods  if  it  was  covering  something  that  gave  them  difficul¬ 
ty,  or  could  be  assigned  to  this  class  by  a  teacher  who  found 
it  necessary  because  of  discipline  problems  or  an  ohvious 
inability  to  proceed. 

Phase  1 

Phase  1  of  the  management  plan  consisted  of  work 
on  the  Phase  1  Materials  and  Test  1.  Samples  of  Test  1  are 
included  in  Appendix  I  lie  and  samples  of  Phase  1  Materials 
make  up  Appendix  I  lie. 

The  Phase  1  Materials  for  each  topic  were  self- 
study  packets  of  about  one  hundred  and  thirty  typewritten 
pages.  They  were  printed  on  selected  colors  of  three  hole 
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punched  paper,  and  were  divided  into  from  ten  to  twelve  sec¬ 
tions.  A  more  detailed  description  of  their  nature  is  pre¬ 
sented  in  the  next  section  of  this  chapter. 

The  function  of  the  Phase  1  Materials  was  to  serve 
as  a  common  introduction  to  the  subject  matter  of  the  unit 
for  all  students,  and  so  it  contained  all  of  the  Intermediate 
level  behavioral  objectives.  The  development  of  concepts, 
questions,  and  directions  for  activities  were  therefore  aimed 
at  the  intermediate  level.  Students  were  expected  to  proceed 
through  this  material  according  to  the  directions  they  had 
been  given  during  the  orientation.  The  time  used  by  each 
student  was  expected  to  vary,  the  fastest  needing  only  five 
or  six  periods,  the  slowest  using  from  ten  to  fifteen,  and 
average  requiring  about  eight  periods  to  complete  the  Phase  1 
Materials  for  a  topic.  Mote  that  all  students  were  to  begin 
each  topic  working  at  the  Intermediate  level. 

A  form  of  pre-test  was  included  in  each  section  of 
the  Phase  1  Materials.  Some  form  of  pre-testing  was  neces¬ 
sary  for  each  student  to  determine  what  he  should  or  should 
not  cover,  and  it  was  felt  that  including  the  test  items  for 
each  student's  own  evaluation  would  aid  in  developing  his 
sense  of  responsibility  for  his  own  learning,  and  incidentally 
mean  one  less  test  for  the  teacher  to  mark. 

When  students  had  completed  the  Phase  1  Material, 
they  were  to  arrange  to  take  a  post-test.  Test  1.  This  test 
was  constructed  with  one  question  for  each  intermediate  level 
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objective  contained  in  the  Phase  1  Materials.  Each  question 
was  parallel  in  difficulty  and  design  to  the  examples  given 
with  the  object ives,  so  that  students  would  know  exactly  what 
they  would  be  asked.  Students  would  also  know  that  achieving 
less  than  half  of  the  objectives  would  place  them  in  the 
Basic  group,  more  than  half  but  less  than  four-fifths  would 
place  then  in  the  Intermediate  group,  and  achieving  four 

fifths  or  more  of  the  objectives  would  allow  them  to  enter 
the  Advanced  group. 

Although  these  boundaries  were  to  be  known  to  the 
student  in  advance,  they  would  not  be  inflexible.  Students 
within  one  or  two  objectives  of  the  boundary  line  would  be 
able  to  appeal  to  the  teacher  to  have  their  group  designa¬ 
tion  raised.  If  the  teacher  agreed,  this  would  be  recorded 
on  the  student's  record  page,  and  he  would  then  be  regarded 
as  a  probationary  member  of  the  higher  group. 

Phase  2 

Once  a  student  had  received  his  results  and  been 
placed  in  a  group,  he  would  be  given  his  Phase  2  Materials. 
These  were  again  self-study  materials,  but  were  different  for 
the  three  different  groups. 

Students  who  entered  the  Basic  group  would  receive 
materials  which  were  concerned  with  the  Basic  objectives  only. 
They  would  use  their  record  page  (Appendix  I  lib)  to  tell  them 
which  parts  of  the  Phase  2  Basic  Materials  to  study.  On 
Test  2,  they  would  answer  only  questions  keyed  to  Basic  ob- 
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jectives  which  they  had  not  achieved  during  Phase  1.  (Recall 
that  if  a  student  showed  achievement  of  an  Intermediate  ob¬ 
jective  which  had  a  corresponding  Basic  objective/  he  was  to 
be  considered  to  have  achieved  that  Basic  objective  as  well.) 
Tiie  basic  form  of  Test  2  contained  only  questions  on  Basic 
obj  ect i ves. 

Students  who  entered  t he  intermediate  group  would 
receive  the  Phase  2  Intermediate  packet  of  materials  which 
was  concerned  only  with  intermediate  level  objectives.  Their 
record  page  would  clearly  indicate  which  Basic  and  which  In¬ 
termediate  objectives  remained  to  be  achieved.  This  packet 
contained  less  instruction  than  the  Basic  one,  merely  provi - 
i ng  exercises  on  which  the  students  could  hone  their  skills. 
Students  would  be  required  to  refer  back  to  their  Phase  1 
Materials  for  the  objectives  and  development  of  concepts,  and 
then  choose  the  particular  exercises  they  would  do.  They 
would  receive  the  intermediate  form  of  Test  2,  on  which  they 
would  answer  only  those  questions  keyed  to  objectives  which 
they  had  not  achieved  during  Phase  1.  This  test  contained 
questions  for  all  Intermediate  level  objectives. 

Students  who  entered  the  Advanced  group  were  to 
be  given  the  Phase  2  Advanced  Material.  It  contained  only 
advanced  objectives.  These  were  related  to  the  objectives 
of  Phase  1,  but  required  more  depth  of  understanding.  Only 
the  Advanced  group  were  to  be  given  the  Advanced  objectives. 
These  students  would  still  be  responsible  for  achieving  any 
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Intermediate  level  objectives  they  had  missed,  but  these 
could  number  no  more  than  two  or  three.  The  packets  were 
assembled  much  like  the  Phase  1  packets,  and  were  to  be  used 
for  self-study.  On  completion  they  would  receive  the  advan¬ 
ced  form  of  Test  2  on  which  they  would  answer  the  questions 
relating  to  objectives  they  had  missed  in  Phase  1,  and  all 
questions  on  Advanced  objectives. 

Phase  2  was  to  serve  two  main  purposes.  It  would 
act  as  a  review  of  ideas  which  students  had  missed  during 
Phase  1,  and  it  would  a  1 1 ow  variations  in  the  amount  of 
learning  required  of  individual  students. 

Other  Descriptions 

Under  the  heading  of  other  descriptions,  four 
areas  require  further  elaboration:  topic-end  activities,  the 
record  page,  the  tests,  and  the  teache r- taught  class. 

(a)  Topic-end  Activities 

Previous  accounts  (I.M.U.,  see  Chapter  II)  of  in¬ 
dependent  study  have  shown  that  great  variation  in  the  amount 
of  time  students  take  to  complete  a  section  could  ho  expec¬ 
ted.  Under  some  circumstances,  this  would  be  desireable,  but 
the  experimenters  felt  that  within  the  bounds  of  the  present 
traditional  school  system,  any  attempt  to  reduce  this  phenom¬ 
enon  would  be  worthwhile.  For  this  reason,  a  minimum  pace 
would  be  set  for  work  on  each  topic  and  teachers  would  monitor 
the  work  of  slower  students  to  see  that  they  kept  up.  A  max¬ 
imum  pace  was  also  to  be  imposed  by  setting  dates,  before 
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which  the  next  topic  could  not  he  started.  Topic-end  activi¬ 
ties  were  to  provide  meaningful  work  for  students  who  fin¬ 
ished  a  topic  before  the  next  starting  day.  The  two  activi¬ 
ties  provided  were  called  Mon-routine  Problem  Solving  and 
Enr ichment. 

When  students  finished  Phase  2  of  a  topic,  they 
would  spend  at  least  two  class  peri  oils  working  non-routine 
problems.  Problems  were  provided  in  the  topic  itself,  but 
these  were  of  a  'typed*  nature  in  that  they  could  be  solved 
by  a  routine  process  that  had  been  explained  beforehand.  The 
non-routine  problems  were  chosen  to  require  some  creative 
analysis  or  synthesis. 

Students  were  to  receive  these  problems  in  the  form 
of  a  booklet,  the  first  part  of  which  discussed  the  solving 
of  problems  in  a  general  way  and  gave  examples  of  problems  and 
their  solutions.  The  remainder  contained  about  twenty  prob¬ 
lems  divided  into  three  sets  and  arranged  in  order  of  diffi¬ 
culty  as  judged  by  the  experimenters.  Answers  were  supplied 
to  the  questions,  but  the  actual  solutions  or  methods  of  work¬ 
ing  the  problems  would  be  available  only  to  the  teachers. 

pupils  would  initially  be  directed  to  attempt  the 
problems  in  the  order  they  were  supplied,  but  later  the  better 
students  would  be  encougaged  to  skip  to  set  two  or  three  and 
begin  working  the  harder  problems  immediately.  If  a  student 
arrived  at  an  incorrect  answer,  he  would  be  encouraged  to  try 
again.  If  he  could  not  solve  the  problem  after  several  at- 
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tempts,  he  was  to  be  directed  to  the  next  problem.  After 
trying  all  the  problems  in  a  section,  he  was  to  go  back  and 
re-try  the  ones  he  had  missed.  Students  would  not  be  expec¬ 
ted  to  be  successful  on  or  even  try  all  of  the  problems. 

When  a  student  had  finished  all  of  the  problems  he 
thought  he  could  solve,  he  was  to  turn  them  in  to  the  teacher 
who  would  correct  them  and  record  the  results  on  the  student's 
record  page. 

Students  who  finished  their  Non-routine  Problem 
section  before  the  starting  day  of  the  next  topic  were  to  be 
given  the  opportunity  to  go  to  the  enrichment  area.  This  was 
to  be  housed  at  the  back  of  one  of  the  larger  classrooms,  and 
was  to  be  stocked  with  such  activities  as  a  'hard  problem' 
box,  mathematical  games  and  puzzles,  several  outlines  for 
individual  or  group  projects,  suggestions  for  directed  read¬ 
ing,  and  other  designed  activities.  Students  here  also  had 
the  opportunity  to  become  student  helpers. 

(b)  The  Record  Page 

For  each  topic,  each  student  would  have  a  record 
page  consisting  of  a  single  sheet  of  paper  on  which  the  num¬ 
bers  of  the  objectives  for  the  topic  were  listed  and  the  cri¬ 
terion  for  group  membership  indicated.  The  sheet  also 
had  space  for  recording  the  results  of  work  done  on  the  Non- 
Routine  problems,  group  designation,  and  teacher  comments. 

Its  main  use  would  be  to  record  which  objectives  had  been 
achieved,  which  remained  to  be  achieved,  and  the  student's 
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mark  summaries.  The  teachers  were  to  keep  duplicate  copies 
of  each  student's  record  page. 

For  a  given  topic,  each  record  page  had  short  hor¬ 
izontal  marks:  in  the  B  column  opposite  every  Basic  objective 
number  for  which  there  was  no  corresponding  Intermediate  ob¬ 
jective,  in  the  I  column  opposite  every  Intermediate  objective 
number,  and  in  the  A  column  opposite  every  Advanced  objective 
number.  (See  Appendix  I  I  lb  for  an  example  of  the  record 
page. ) 

The  record  page  was  not  to  be  used  until  students 
entered  phase  2;  but  as  soon  as  Test  1  was  marked,  the  teacher 
aide  was  to  fill  in  the  teachers'  and  student's  record  pages 
indicating  all  achieved  objectives  by  placing  a  check  mark  on 
the  appropriate  horizontal  lines.  The  total  number  of  objec¬ 
tives  achieved  indicated  in  which  group  the  student  was  to 
be  placed.  The  check  marks  would  make  clear  which  objectives 
remained  to  be  achieved. 

If  the  student  was  to  enter  the  Basic  group,  he 
would  look  in  the  B  column  to  see  which  objectives  to  work 
on.  The  teacher  aide  was  to  have  placed  a  new  horizontal 
line  opposite  each  Basic  objective  number  which  had  a  cor¬ 
responding  intermediate  objective,  and  checked  it  only  if  the 
intermediate  objective  had  been  achieved.  A  horizontal  line 
in  the  B  column  which  was  not  checked  then  indicated  an  area 
in  which  the  student  was  to  work. 

The  horizontal  lines  would  already  be  placed  pro- 
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perly  for  the  Intermediate  group  students,  so  every  unchecked 
line  in  either  the  B  or  I  columns  would  indicate  the?  r  areas 
of  deficiency.  Indications  for  the  Advanced  group  would  he 
similar  except  that  these  students  would  also  have  to  attempt 
the  Advanced  objectives. 

Space  was  available  on  the  record  page  for  each 
student  to  indicate  which  of  the  Non-Routine  Problems  he 
had  attempted,  and  for  the  teacher  to  indicate  which  of 
these  had  been  satisfactorily  completed. 

When  students  were  ready  to  write  Test  2,  they 
would  take  their  record  page  with  them  to  indicate  which, 
questions  they  had  to  answer.  The  teacher  aide  would  check 
the  duplicate  record  page  when  narking  the  tests  to  bo  sure 
the  students  had  done  this  correctly. 

(c)  The  Tests 

As  soon  as  a  student  had  finished  a  phase  of  a 
topic,  lie  would  notify  his  teacher  to  arrange  for  a  test  on 
the  next  scheduled  day.  The  teacher  would  then  contact  the 
teacher  aide  to  have  the  student's  name  put  on  the  attendance 
list.  The  teacher  aide  was  expected  to  supervise  the  tests. 

For  security  reasons,  all  Phase  1  tests  were 
constructed  in  three  forms  (form  A,  form  B,  and  fori'1  C),  and 
all  Phase  2  tests  in  two  forms  (form  A  and  form  B).  This 
entailed  constructing  nine  separate  tests  for  each  topic. 

They  were  put  on  different  colored  paper  so  that  they  could 
be  easily  distinguished.  The  tests  were  as  similar  as 
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possible,  having  the  same  questions  but  using  different 
values.  Since  students  could  not  know  which  test  form  they 
would  be  given,  they  could  not  memorize  the  answers  of  a 
friend.  They  would  already  be  familiar  with  what  the  ques¬ 
tions  would  be  like  because  they  corresponded  closely  to 
the  examples  given  with  each  objective. 

(d)  The  Teacher-taught  Class 

The  teacher- taught  class  was  to  be  set  up  after 
the  first  week  of  the  experiment,  and  run  continuously  for 
the  duration.  Students  were  expected  to  attend  for  one  or 
more  of  the  following  reasons: 

1.  they  had  trouble  understanding  the  structure  of  the 
experiment,  i.e.,  they  were  unable  to  decide  what  to  do  next, 

2.  they  liked  being  taught  by  a  teacher  better  than 
doing  independent  study, 

3.  they  were  placed  in  the  class  by  a  teacher  because 
they  were  causing  discipline  problems  or  because  the  teacher 
thought  they  were  having  difficulty  (1)  above,  or 

4.  they  were  having  difficulty  with  a  particular  con¬ 
cept  and  joined  the  teacher- taught  class  to  listen  to  a 
teacher  explain  that  section. 

Unless  a  student  was  assigned  to  the  class  by  a 
teacher,  he  could  commence  or  discontinue  attendance  freely, 
with  the  exception  that  this  must  be  done  either  before  or 
after  a  class  period.  The  subject  for  discussion  of  each 
class  was  to  be  posted  according  to  objective  numbers,  so 
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that  all  students  could  quickly  determine  what  was  being 
taught.  This  posting  would  also  indicate  the  'dead-line'  for 
completing  that  section  of  material  for  the  independent 
s  t  u  d  i  e  r  s . 

Teachers  were  to  organize  the  teacher-taught  class 
in  whatever  way  seemed  most  appropriate  to  them.  Since  this 
class  would  have  to  take  the  same  test  as  the  independent 
studiers,  care  had  to  be  taken  to  see  that  the  same  concents 
were  covered  in  the  class  as  with  the  materials.  This  task 
would  be  made  easier  by  the  presence  of  the  behavioral  oh- 
obj  ec  t i ves . 

On  the  whole,  a  very  free  atmosphere  was  expected 
to  prevail  while  students  were  doing  their  independent  study. 
Four  or  five  classrooms  would  be  available  during  the  periods 
for  grade  seven  mathematics,  and  students  were  to  be  able  to 
leave  their  regular  classrooms  to  consult  books,  write  tests, 
attend  the  teacher- taugh t  class,  do  enrichment,  or  other  in¬ 
dividual  work.  Within  the  rooms,  students  would  be  allowed 
to  form  small  groups  of  two  or  three  to  discuss  common  prob- 
1 ems,  and  most  were  expected  to  do  their  independent  study  in 
this  way. 

3.  THF  MATFR I AL5 

The  term  'materials'  is  used  to  mean  the  typewrit¬ 
ten  packets  that  students  used  for  self-study  during  Phase  1 
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and  Phase  2.  The  purpose  of  this  section  is  to  describe  the 
Materials  themselves,  how  they  were  used,  and  their  relation¬ 
ship  to  the  whole  experiment.  They  are  discussed  in  the 
order  that  a  student  would  encounter  them  for  a  given  topic. 

On  the  starting  day  for  a  topic,  students  were  to 
he  assembled  in  their  regular  classrooms  and  the  Phase  1  ma¬ 
terials  distributed.  A  short  orientation  talk  would  be  given 
by  the  teacher  to  outline  the  students'  duties.  Students 
wou  1  d  place  their  materials  in  special  binders,  with,  the 
record  page  and  flowchart  in  front. 

The  Flowchart 

Students  were  to  use  their  flowchart  to  guide  them 
through  the  materials.  It  would  serve  as  a  table  of  contents 
as  well  as  a  place  to  record  their  activities  during  Phase  1. 
(See  Appendix  Ilia  for  examples  of  the  flowchart.)  Students 
would  be  instructed  to  use  a  heavy  pencil  or  crayon  to  trace 
the  paths  they  followed  and  to  color  in  the  boxes  representing 
the  sections  of  the  material  that  they  worked  through.  The 
path  of  students  having  little  difficulty  would  stay  close  to 
the  le*t  side  of  the  page,  but  when  a  student  was  directed  to 
repeated  exercises  in  order  to  improve  his  skill,  his  path 
would  extend  to  the  right  side  of  the  page.  Teachers  could 
then  tell  from  a  glance  at  a  student's  flowchart  whether  he 
was  having  difficulty.  Closer  inspection  would  reveal  the 
particular  nature  of  the  problem  and  the  specific  objectives 
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The  Introduction 

Pages  were  color-coded  to  further  help  students 
with  their  organization.  At  the  beginning  of  each  topic  was 
a  single  pink  page  on  which  the  title  of  the  topic  was 
placed.  Following  this  was  a  single  white  page  containing 
a  few  short  introductory  paragraphs. 

This  introduction  was  intended  chiefly  for  motiva¬ 
tional  purposes.  It  discussed  some  of  the  main  ideas  that 
woul d  be  presented  in  the  topic,  and  attempted  to  show  how 
these  ideas  would  be  useful  to  the  student  outside  of  school. 
(See  Appendix  I  Me  for  an  example  of  an  introduction.) 
Whenever  possible,  the  new  words  used  in  a  topic  were  used 
in  the  Introduction  and  underlined.  An  attempt  was  made  to 
show  ho v/  previous  work  fitted  In  with  the  coming  topic. 

The  Sections 

The  work  for  each  topic  was  divided  into  about 
twelve  sections.  Although  each  section  was  an  independent 
unit  of  work,  they  would  have  to  be  covered  in  order. 

These  sections  followed  the  introduction,  and  each  was 
composed  of  a  list  of  objectives  on  pink  paper,  a  develop¬ 
ment  on  white  paper,  and  a  set  of  activities  and  exercises 
on  buff  paper  (see  Appendix  I  I Ic  for  some  sample  sections). 

Each  section  then,  started  with  a  pink  page.  The 
list  of  objectives  started  on  the  back  of  the  page  so 
that  in  cases  where  only  one  pink  page  was  needed  the  student 
could  open  his  book  to  have  the  objectives  for  a  section  on 
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the  loft  and  the  corresponding  developnent  on  the  right.  The 
objectives  were  numbered  according  to  a  simple  coding 
system.  The  first  character  was  either  a  B  or  an  I 
representing  either  a  Basic  or  an  Intermediate  objective. 
(Advanced  objective  numbers  began  v/i  th  an  A,  but  were 
only  encountered  in  Phase  2.)  Next  was  an  integer 
representing  the  section  to  which  that  objective  belonged. 

A  decimal  point  and  a  final  digit  indicating  the  number  of 
the  objective  in  the  section  completed  the  objective 
code.  For  example;  B3.2  represented  the  second  Basic 
objective  in  section  3 ,  14.1  represented  the  first  Inter¬ 

mediate  objective  of  section  4.  Objective  numbers  which  were 
the  sane  except  for  their  initial  character  (e.g.;  B3.2, 

13.2)  indicated  corresponding  objectives;  these  were 
aimed  at  the  same  skill  except  that  the  I  objective  was 
expected  to  be  achieved  under  more  difficult  conditions. 

(This  point  is  discussed  more  fully  in  the  first  section  of 
this  chanter.) 

The  purpose  of  the  objectives  was  to  indicate 
as  clearly  as  possible  what  the  student  should  be  able  to  do 
when  he  finished  the  section.  Each  objective  was  com¬ 
posed  of  three  or  four  parts:  a  statement  of  the  educational 
intent,  an  example  of  a  question  that  could  be  asked  to  test 
achievement  of  that  intent,  a  complete  solution  to  the  ques¬ 
tion,  and  when  necessary,  the  criterion  which  would  ho  used 
when  the  question  was  marked.  Often,  where  stating  the  oh- 
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jective  in  precise  mathematical  terns  would  have  made  it  dif¬ 
ficult  to  understand  for  the  students,  exactness  was 
overlooked  and  the  example  was  expected  to  convey  the 
proper  intent  of  the  objective. 

The  objectives  were  listed  in  the  order  in 
which  they  were  discussed  in  the  development,  and  stu¬ 
dents  wore  to  be  instructed  to  look  them  over  carefully  so 
that  they  would  know  what  skills  they  would  need  to  master. 
All  students  were  expected  to  proceed  through  Phase  1  at  the 
intermediate  level,  but  those  who  might  not  expect  to  achieve 
this  goal  were  given  an  option  in  the  development.  The 
explanations  which  were  intended  for  only  the  Intermediate 
or  Advanced  students  were  printed  in  italic  type  so  that 
Basic  bound  students  could  skip  these  paragraphs. 

The  development  in  each  section  was  written 
in  an  inductive  way  whenever  possible.  That  is,  when  ideas 
to  be  presented  were  o^  such  a  nature  that  the  student  could 
be  expected  to  know  or  guess  them  beforehand,  opportunities 
for  showing  this  were  provided  by  asking  questions  which 
pre-empted  the  following  explanation.  Other  questions  would 
give  students  the  opportunity  for  immediate  practice  of  an 
idea  just  presented.  Students  would  be  asked  not  to  write 
on  the  materials,  but  would  be  encouraged  to  commit  themsel¬ 
ves  by  writing  the  answers  to  these  questions  on  scratch  pa¬ 
per.  The  correct  answers  were  placed  at  the  bottom  o^ 
the  page.  These  questions  were  enclosed  in  boxes  to  sep- 
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arate  them  from  the  text  of  the  development. 

In  general,  diagrams  were  used  whenever  pos¬ 
sible  to  illustrate  concepts,  and  examples  included  with 
step-by-step  explanations  of  the  procedures  and  reasons  for 
the  operations.  At  the  end  of  the  development,  students  were 
directed  to  re-read  the  objectives  for  the  section,  do 
further  study  If  necessary,  and  then  go  on  to  the  first 
check-exerc i se. 

The  activities  and  exercises,  on  buff  paper, 
formed  the  last  part  of  each  section.  it  was  to  be  composed 
of  a  check-exercise,  a  number  of  activities  and/or  exercises, 
and  a  second  check-exercise.  The  check-exercises  contained 
a  question  on  every  objective  at  the  Intermediate  level. 

These  questions  were  parallel  in  difficulty  and  design  to 
the  examples  given  with  the  objectives.  Students  were  to  use 
them  to  evaluate  themselves.  They  could  answer  these  ques¬ 
tions,  check  their  answers  with  the  ones  provided,  and  then 
make  their  own  decision  as  to  whether  they  had  it  right  or 
not . 

If  they  decided  they  had  mastered  all  of  the  ob¬ 
jectives  at  that  point,  they  were  to  go  on  to  the  next  sec¬ 
tion,  indicating  this  on  their  flowchart.  If,  in  their  own 
judgement,  they  were  unsure  of  any  of  the  objectives,  they 
were  to  continue  on  with  the  activities  and  exercises. 

The  activities  and  exercises  were  keyed  to 
particular  objectives  so  that  if  a  student  decided  he  needed 
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practice  only  in  a  certain  area,  he  could  quickly  find  the 
appropriate  items.  The  activities  and  exercises  were 
arranged  in  order,  from  those  designed  to  recall  the  neces¬ 
sary  basic  concepts  to  those  which  approached  the  difficulty 
of  the  question  which  the  student  had  to  answer  to  show  mas¬ 
tery  of  the  objective. 

Students  who  proceeded  in  this  way  were  to  answer 
a  second  check-exercise  after  they  had  completed  the  approp¬ 
riate  activities  and/or  exercises.  This  second  check-exer¬ 
cise  was  essentially  the  same  as  the  first,  and  again 
the  student  would  have  to  decide  for  himself  whether  to  go 
on  to  the  next  section.  If  his  decision  was  negative,  he 
would  have  the  further  options  of  looking  at  a  reference 
book  (indicated  in  the  materials),  or  seeking  help  from  a 
student  helper  or  the  teacher.  Space  was  available  for 
recording  these  eventualities  on  the  flowchart. 

The  Topic  Review 

The  final  section  in  each  topic  was  a  topic 
review.  One  or  two  white  pages  contained  a  list  of  the 
key  ideas  from  each  section  of  the  topic,  and  a  vocabulary 
list.  (All  of  the  key  ideas  pages  are  included  in  Appendix 
I  I  I h . )  Students  would  be  made  aware  of  this  review  section 
at  the  beginning  of  the  topic  so  that  they  could  use  it  for 
reference.  The?  vocabulary  list  contained  a  short  defin¬ 
ition  for  each  term  and  the  number  of  the  page  whore  it  was 
first  introduced.  The  topic  review  also  contained,  on 
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buff  pages,  a  set  of  review  exercises.  These  exercises  were 
designed  to  tie  all  of  the  ideas  of  the  topic  together/ 
and  students  could  use  then  to  prepare  for  Test  1. 

The  Phase  1  materials  were  completed  by  the 
solutions.  In  some  cases,  these  green  pages  contained 
only  the  number  or  word  answers  to  the  problems  of  the  check 
activity,  or  review  exercises.  However,  the  more  difficult 
questions  had  complete  solutions  provided. 

Phase  2  Materials 

Students  would  enter  Phase  2  when  they  had  complet 
ed  their  Phase  1  materials,  written  Test  1,  arid  had  their  re 
suits  recorded  on  their  record  pages.  Each  would  now  be  as¬ 
signed  to  one  of  the  Phase  2  groups  and  receive  a  packet  of 
appropriate  materials. 

The  Phase  2  Basic  materials  were  the  only  ones 
to  include  a  new  flowchart.  These  students'  record  pages 
would  tell  them  which  objectives  they  were  to  achieve  during 
Phase  2,  and  they  could  use  their  now  flowcharts  to  quickly 
arrive  at  the  proper  page  in  the  Rasic  materials  to  begin 
work.  (An  example  of  a  Phase  2  Basic  flowchart  in  included 
in  Appendix  Ilia.)  The  Basic  materials  were  designed 
much  like  the  activities  and  exercises  part  of  the  Phase  1 
sections,  except  that  they  contained  a  separate  section 
for  each  Basic  objective.  All  pages  were  on  ye  I  1 ow  paper 


except  for  the  solutions,  on  green,  collected  at  the  end. 
The  packet  began  with  directions  to  the  student  to 
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re-rear!  the  appropriate  objective  and  description  from  the 
Phase  1  materials  and  then  do  the  exercises  cor r e spond i ng  to 
each  objective  he  was  required  to  achieve.  These  exercises 
were  again  ordered  from  those  directed  at  recall  through 
those  intended  to  develop  the  level  of  mastery  expected. 
These  exercises  were  interspersed  with  comments  directing 
the  student's  attention  to  specific  points  which  night  be 
causing  trouble.  'Rules  to  Remember'  were  placed  in  cap¬ 
ital  print.  Another  check-exercise  was  included  at  the 
end  of  these  exercises.  If  the  student  got  any  part  of  it 
wrong/  or  was  still  unsure  of  any  of  the  skill  he  was  expect 
ed  to  master/  he  was  directed  to  the  teacher  for  help, 
following  this,  he  would  be  provided  with  another  set  of  de¬ 
velopmental  exercises.  When  finished  his  Phase  2  materials/ 
the  Basic  level  student  would  write  the  Basic  form  of  Test  2 
and  then  go  on  to  try  some  of  the  Non-routine  Problems. 

The  Phase  2  Intermediate  materials  consisted 
of  a  number  of  yellow  pages  containing  exercises  specific  to 
each  objective/  and  collected  solutions  on  green  paper  at 
the  end.  Students  were  to  be  instructed  to  consult  their 
record  pages  to  determine  which  objectives  they  had  yet  to 
master.  They  would  then  use  their  Phase  1  flowchart  to  de¬ 
termine  which  of  the  pertinent  sections  of  the  Phase  1  mater 
i  <3 1  they  had  not  done.  After  re-reading  the  appropriate  ob¬ 
jectives  and  development,  they  would  complete  these  unfinish 
ed  portions  of  Phase  1  and  then  go  on  to  the  appropriate  ex- 
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ercises  in  their  Phase  2  material.  Having  done  this  for  all 
unachieved  objectives,  they  would  be  ready  to  write  the  in¬ 
termediate  form  of  Test  2. 

The  Phase  2  Advanced  materials  were  construc¬ 
ted  much  the  same  as  the  whole  of  the  Phase  1  materials. 

They  had  the  sane  color  coding;  and  contained  a  list  of 
objectives,  a  development  for  these  objectives,  and  a  set  of 
activities  and  exercises  with  solutions.  Students  entering 
the  Advanced  group  would  be  responsible  for  mastering  all 
unachieved  objectives  from  Phase  1,  but  they  would  be  asked 
to  do  this  on  their  own  by  consulting  their  Phase  1  material. 
The  Advanced  material  did  not  contain  any  check-exercises. 
Students,  on  completing  the  Advanced  material,  would  write 
the  Advanced  form  of  Test  2. 

Appendix  111  contains  samples  of  all  the  materials 
actually  used  in  the  experiment,  and  a  quick  overview  of  the 
ideas  covered  in  each  topic  can  be  obtained  from  Appendix  Mill 
where  all  of  the  key  ideas  for  each  topic  are  presented. 
Examples  of  the  Mon-routine  Problems  can  be  found  in  Appendix 
I  I  I  f ,  and  Appendix  I  Mg  outlines  some  of  the  enrichment  ma¬ 
terials. 

The  actual  operation  of  the  Hardi sty  experiment  did 
not  fol low  the  above  outlined  plan  exactly.  The  deviations 
that  were  observed  are  reported  in  the  next  chapter. 
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CHAPTER  FIVE 


FEASABI LI TY  I ND I CATI ONS 


The  purpose  of  this  chapter  Is  to  present  observa¬ 
tions  made  during  the  Hardi sty  experiment  which  provide  indi¬ 
cations  of  the  feasibility  of  the  program.  The  situation 
that  existed  at  the  outset  of  the  experiment  was  relevant  to 
its  operation.  Observations  collected  In  this  area  are  in¬ 
cluded  In  section  one:  Implementation  of  the  Model.  The  main 
body  of  observations  concern  student  and  teacher  reactions. 
These  have  been  sorted  into  those  pertaining  to:  the  devised 
procedures  (The  Instructional  Plan)/  the  instructional 
materials  provided  for  the  students  (The  Materials)/  and 
classroom  management  considerations  (Classroom  Management). 
Changes  that  were  made  to  the  program  during  operation  are 
reported  with  their  causes,  and  comments  by  the  writer  have 
been  included  wherever  further  explanation  or  evaluation 
seemed  necessary. 

Student  reactions  were  collected  through  a  student 
questionnaire  (see  Appendix  V)  and  spontaneous  interviews. 
Teacher  reactions  were  obtained  through  informal  discussions 
and  three  formal  meetings  held  between  the  teachers  and  ex¬ 
perimenters  (see  Appendix  IV). 

The  final  section  of  this  chapter  summarizes  the 
feasibility  report.  The  observations  presented  in  this 


' 


83 


chapter  lay  the  basis  for  the  interpretations,  evaluations/ 
and  Implications  presented  in  Chapter  VI. 

1.  IMPLEMENTATION  OF  THE  MODEL 

As  previously  mentioned/  students  had  been  work¬ 
ing  with  self-study  materials  written  by  the  Hard! sty  Teach¬ 
ers  prior  to  the  treatment.  This  led  to  a  positive  'set' 
towards  the  experiment  by  both  the  teachers  and  the  students. 
Under  conditions  where  this  set  was  absent/  care  would  have 
to  be  taken  to  insure  a  proper  introduction  of  the  program 
to  the  participants.  It  was  felt  that  the  teacher's  apprec¬ 
iation  of  the  effort  involved  in  producing  the  materials  for 
this  study  increased  their  commitment  to  the  project.  Be¬ 
cause  of  the  teachers'  efforts/  the  students  had  developed 
an  attitude  of  challenge  or  at  least  acceptance  of  the  new 
teaching  method.  The  Hardi sty  teachers  had  the  foresight  to 
invite  the  parents  to  several  meetings  to  explain  the  new 
teaching  method.  This  was  continued  under  the  experiment  in 
an  effort  to  stem  criticism  born  of  misunderstanding,  and 
was  largely  successful. 

A  thorough  orientation  to  the  model  by  both  teach¬ 
ers  and  students  was  considered  very  important.  The  model 
designed  by  the  exper i menter s  was  substantially  different 

from  the  one  developed  and  used  initially  by  the  teachers, 
raising  potential  problems  during  change-over.  During  con- 
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struction  of  the  model,  the  teachers  were  given  progress  re¬ 
ports.  A  number  of  preliminary  meetings  were  held  during 
which  the  teachers  were  invited  to  criticize  the  model.  This 
procedure  had  at  least  four  beneficial  effects: 

1.  The  teachers'  critlsizm  helped  to  improve  the  model. 

2.  The  teachers  became  familiar  with  the  model. 

3.  The  teachers  became  more  committed  to  the  model. 

4.  The  model  evolved  to  incorporate  some  of  the  teach¬ 
ers'  expectations. 

Even  with  this  collaboration,  some  misunderstandings  were  not 
resolved  prior  to  the  start  of  the  project.  This  resulted  In 
problems  during  the  students'  orientation. 

Students  were  introduced  to  the  project  by  the 
teachers  during  regular  class  periods.  Teachers  prepared 
overhead  transparencies  to  explain  the  overall  management 
plan  to  the  students.  This  general  orientation  lasted  over 
a  period  of  a  week,  and  during  this  time,  students  were  kept 
in  their  regular  classrooms  while  teachers  explained  the  op¬ 
tions  available  to  each  student  individually.  Initially, 
students  were  kept  to  the  same  pace.  Self-pacing  was  intro¬ 
duced  gradually  to  prevent  the  full  weight  of  this  responsi¬ 
bility  from  descending  all  at  once.  The  overall  student  or¬ 
ientation  process  lasted  well  into  topic  2  of  the  experiment, 
a  period  of  about  one  month. 

The  starting  dates  and  final  dates  for  each  topic 
were  to  be  announced  to  the  students  before  each  topic.  This 
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proved  difficult  at  the  outset  because  of  a  lack  of  experi¬ 
ence  with  the  materials.  The  dates  were  therefore  not  main¬ 
tained  rigidly.  Time  was  generally  allowed  so  that  the  slow¬ 
est  students  would  have  at  least  two  class  periods  between 
finishing  one  topic  and  starting  the  next. 

The  teachers  decided  to  share  the  task  of  running 
the  Teacher- taught  class  equally.  This  was  not  mandatory/ 
and  in  some  schools  it  might  be  desireable  for  one  teacher  to 
assume  the  full  responsibility  for  this  class.  The  teachers 
also  decided  to  permit  students  to  take  tests  only  twice  per 
week.  This  reduced  the  amount  of  supervision  necessary  and 
on  the  whole  was  a  useful  modification  to  the  model. 

2.  THE  INSTRUCTIONAL  PLAN 

Under  this  heading/  student  and  teacher  reactions 
related  to  the  overall  operating  procedures  and  methods  of 
instruction  are  reported. 

The  strongest  criticism  of  the  program  by  the 
students  was  that  not  enough  time  was  available  for  proper 
completion  of  the  units.  Because  of  the  importance  of  this 
criticism/  its  discussion  is  reserved  for  closer  inspection 
in  the  next  chapter. 

Another  strong  criticism  by  the  students  was  that 
teachers  did  not  provide  enough  assistance  for  them. 
Typically,  one  of  the  following  reasons  was  given: 


. 

. 


(a)  teachers  did  not  spend  enough  time  In  the  classroom/  or 

(b)  teachers  would  not  answer  questions  but  instead  provided 
directions  to  consult  student  helpers  or  consult  reference 
books.  The  latter  complaint  might  be  expected,  since  part 
of  the  treatment  consisted  of  teaching  students  to  be  self- 
reliant.  The  former  reason  is  discussed  more  fully  in  the 
next  chapter,  but  part  of  this  criticism  resulted  from 
teachers  leaving  their  regular  classrooms  to  work  with  groups 
of  slow  learners. 

Teachers  identified  the  main  advantage  of  the  ex¬ 
perimental  program  as  helping  to  locate  slow  learners  and 
also  helping  to  uncover  their  specific  problems.  Even  with 
special  help,  the  slow  group  experienced  little  success  be¬ 
cause  of  the  large  amount  of  reading  and  se 1 f-organi zat i on 
demanded  of  them.  Teachers  felt  that  a  more  manipulative 
approach  would  have  been  effective  for  these  pupils,  and  that 
they  needed  a  little  time  to  'goof -off'.  The  model  provided 
few  opportunities  for  Basic  students  to  do  enrichment  work. 
During  the  first  few  topics,  teachers  observed  that  the  slow 
students  tended  to  skip  over  Activity  Exercises  which  results 
of  their  Check-exercises  indicated  they  should  do;  this  was 
less  marked  during  later  topics.  On  the  positive  side, 
teachers  felt  that  this  group  did  not  do  less  work  than  they 
would  have  done  under  a  more  traditional  setting. 

Besides  being  able  to  identify  the  slower  students, 
teachers  felt  that  the  instructional  plan  helped  to 
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distinguish  pupils  who  needed  constant  supervision,  those  who 
were  semi - i ndependent ,  and  those  who  were  able  to  manage  their 
learning  for  themselves. 

With  the  better  students,  teachers  were  aware  that 
at  least  two  sets  entered  the  Advanced  level:  those  who  liked 
mathematics  and  were  mathematically  oriented,  and  those  who 
simply  liked  to  achieve.  This  second  group  did  not  find  all 
Advanced  tasks  attractive.  They  had  difficulty  with  ter¬ 
minology  and  semantics,  difficulty  in  verbalizing  reasons  and 
explanations,  and  dl ssapoi n tment  at  receiving  more  objectives 
to  complete.  Teachers  commented  that 

1.  these  students  might  stop  trying  for  the  Advanced 
group, 

2.  preconceived  attitudes  towards  the  learning  of  math¬ 
ematics  might  be  influencing  these  students, 

3.  coping  with  Advanced  material  might  become  easier  as 
students  were  exposed  to  the  tone  of  the  sections  from 
previous  topics, 

4.  the  skills  required  (analysis,  synthesis,  generali¬ 
zation)  might  take  a  long  time  to  develop, 

5.  the  students  must  understand  that  it  is  to  their  ov/n 
advantage  to  be  exposed  to  higher-level  ideas,  and 

6.  the  value  of  Advanced  work  may  have  to  be  'sold'  to 
the  students.  (Subsequently  this  was  done  with  moderate  suc¬ 
cess.  The  main  advantages  pointed  out  to  the  students  were 
recognition,  higher  marks,  extended  privileges,  and  the  chal- 
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1  enge  of  more  involved  mathematics.) 

The  Teacher- taught  class  was  commented  upon  by  many 
students.  Of  these,  about  two-thirds  felt  that  it  was  useful 
and  one-third  that  It  was  not.  Most  students  attended  this 
class  at  one  time  or  another  for  specific  help  with  certain 
ideas.  About  sixteen  students  were  assigned  to  this  class  by 
a  teacher  at  some  time  during  the  experiment.  Many  of  these 
viewed  this  as  a  punishment  because  of  the  loss  of  freedom  it 
imposed.  Some  of  them  stated  that  they  refused  to  learn  under 
those  conditions.  The  provision  to  send  'problem'  students  to 
this  class  was  effective  administratively,  but  clearly  led  to 
hostility  on  the  part  of  some  pupils. 

The  original  program  called  for  both  a  Teacher- 
taught  class  and  Mi ni -lectures.  Mi ni -1 ectures  were  to  be 
organized  daily  by  some  of  the  teachers,  and  entail  assembling 
a  small  (five  to  ten)  group  of  students  having  similar  prob¬ 
lems  for  a  short  (ten  to  fifteen  minute)  lecture.  Instead, 
the  Teacher-taught  class  came  to  be  called  the  Mi ni -1 ec ture. 
The  teachers  sessions  with  the  slower  students  resembled  the 
proposed  Mi ni -1 ectures,  but  were  not  given  an  overt  name. 

The  planned  Mi ni -1 ectures  were  to  have  included  other  levels 
of  students  as  well.  This  misunderstanding  was  partly 
caused  by  a  third  form  of  special  class;  one  that  was  to  have 
been  directed  at  students  with  se 1 f -management  difficulties. 
This  class  was  not  overtly  labelled  by  the  expe r i men  ter s,  nor 
was  it  formally  undertaken  by  the  teachers.  Improper  com- 
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munication  and  a  heavy  work  load  on  the  teachers  likely 
contributed  to  this  miscue.  These  problems  were  recognized 
part  way  through  the  experiment,  but  no  pertinent  modifi¬ 
cations  were  made. 

Although  teachers  felt  that  students  were  doing  no 
less  work  than  under  traditional  methods,  students  generally 
felt  they  were  doing  no  more.  Most  students  indicated  that 
they  found  Phase  2  useful,  that  they  would  most  like  to  be  in 
the  Intermediate  group,  and  that  no  peer  censure  attached  to 
specific  group  membership.  Teachers  thought  that  most 
students  wanted  to  attain  or  maintain  a  high  (I  or  A)  group 
status.  Many  students  commented  that  they  liked  learning  at 
their  own  speed  and  liked  learning  for  themselves  (although 
a  few  students  made  the  contrary  comment). 

Because  of  the  mobility  of  students,  some  teachers 
were  apprehensive  about  the  loss  of  'class  identity'. 

Teachers  agreed  that  an  extra  teacher  could  well  be  used  as 
a  'rover';  helping  out  wherever  possible.  This  seems  obvious 
in  retrospect  because  of  the  complaints  of  students  about 
lack  of  help  and  the  chore  of  coping  with  the  myriad  student 
differences  exposed  by  the  program. 

Most  students  had  mixed  opinions  about  the  experi¬ 
mental  program  as  a  whole,  but  the  majority  felt  it  was  better 
than  the  'old'  way  of  doing  mathematics.  They  indicated  that 
they  did  not  think  the  procedures  would  work  as  well  in  other 
class  subjects  or  even  with  other  mathematics  content.  A  few 
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selected  subjective  answer  sheets  Included  in  Appendix  V  in¬ 
dicate  the  range  of  student  reaction. 

3.  THE  MATERIALS 

In  this  section/  reactions  to  the  instructional 
materials  are  presented.  The  materials  used  included  the 
Phase  1  and  Phase  2  booklets/  Non-routine  Problems,  Enrich¬ 
ment  activities,  prepared  tests,  filmstrips,  and  textbooks. 

One  or  two  students  commented  that  the  content 
covered  in  the  course  had  already  been  done  in  grade  six. 

This  was  partly  true,  but  the  content  is  dictated  by  the 
Department  of  Education  curriculum.  The  ideas  concerning 
rational  numbers  and  decimals,  although  taken  in  grade  six, 
are  explored  in  greater  depth  in  grade  seven. 

Questions  4  through  17  of  the  student  questionnaire 
asked  students  to  react  to  various  aspects  of  the  booklets 
they  received.  The  frequency  of  positive  responses  would  in¬ 
dicate  that  this  part  of  the  materials  was  well  liked.  An 
ordered  list  indicating  the  percentage  of  positive  responses 
to  the  items  is  presented  in  Figure  5. 

Many  students  commented  that  they  liked  marking 
their  own  Check-exercises,  but  that  they  found  the  Develop¬ 
ment  confusing  and  too  detailed.  A  few  students  complained 
that  the  Phase  1  booklets  were  too  long  (one  complained  they 
were  too  heavy),  and  covered  too  many  ideas.  Some  Advanced 
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Question 

Number  Item  Stem _  _  Per  Cent 

9  The  check-exercises  . 96.6 

14  The  solutions  at  the  end  of  the  topic . .  90.9 

13  The  review  exercises  .  88.5 

5  The  objectives  . 84.5 

10  The  activity  exercises  in  each  section  .  81.1 

8  The  answers  to  questions  in  the  development  ..  81.0 

17  The  color-coding  of  the  pages  .  80.3 

15  The  record  page .  80.2 

6  The  development  in  each  section  ..............  78.4 

7  The  questions  in  the  development  .  76.5 

4  The  introduction  to  each  topic .  73.6 

11  The  key  ideas  pages .  72.6 

12  The  vocabulary  list . . .  63.9 

16  The  flowchart . 61.9 


Questions  4  through  17  of  the  student  questionnaire  asked 
students  to  rate  a  number  of  aspects  of  the  materials.  The  above 
ordered  list  indicates  how  students  responded.  The  value  under  Per 
Cent  is  the  total  of  students  indicating  that  the  item  was  fof  some 
use'  or  'very  useful1. 


FIGURE  5 


SOME  RESULTS  FROM  THE  OBJECTIVE  PORTION  OF  THE  STUDENT  QUESTIONNAIRE 


92 


students  made  similar  comments  about  their  Phase  2  booklets. 
Teachers  complained  about  errors  In  the  answers  to  the  Check- 
and  Activity  Exercises,  and  also  felt  that  for  some  sections 
for  some  students,  the  material  might  have  been  covered  better 
verbally  (in  a  regular  classroom  lecture  situation). 

A  slip  in  nomenclature  was  made  by  the  experimenters 
with  respect  to  the  booklets  as  well.  The  original  model 
called  for  the  buff  pages  in  each  section  to  contain  both 
activities  and  exercises  for  students  to  use  in  improving 
their  skills.  Activities  were  later  considered  to  be  both 
too  time  consuming  to  devise  and  too  difficult  to  administer. 
Therefore  only  exercises  were  included  (with  a  few  exceptions) 
and  the  name  of  these  sections  evolved  from  Activities  and 
Exercises  to  Activity  Exercises. 

The  Non-routine  Problem  section  as  implemented  did 
not  work  out  well.  At  the  outset,  this  was  to  be  an  im¬ 
portant  part  of  the  program,  but  teachers  did  not  have  time 
to  supervise  students  engaged  in  this  activity,  nor  to  do  the 
marking  required.  Teachers  felt  that  this  section  was  simply 
too  difficult  for  most  students.  In  reaction  to  these  fail¬ 
ings,  two  steps  were  taken.  Students  were  encouraged  to  mark 
their  own  problems,  and  modifications  were  made  to  the  record 
page  to  distinguish  teacher-assessed  from  student-assessed 
results.  Second,  the  name  of  the  section  was  changed  to 
'Challengers',  and  teachers  attempted  to  instil  an  attitude 
of  challenge  toward  these  problems  In  the  students.  These 
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modifications  did  not  appear  to  be  successful  either.  On  the 
questionnaire,  most  students  agreed  that  the  Challengers  were 
not  too  hard,  but  few  felt  they  were  useful.  Teachers 
observed  that  students  reported  that  they  had  sat i sf ac tor i 1 y 
solved  the  problems  when  In  all  likelihood  they  had  not. 

Less  than  half  of  the  students  tried  the  enrichment 
materials;  of  these  about  half  reported  that  they  enjoyed  it. 
Some  commented  that  it  was  not  useful,  some  complained  that 
they  were  never  allowed  to  go  there  and  one  stated  that  it 
was  always  too  crowded.  Teachers  felt  that  the  Enrichment 
material  was  similar  in  level  and  tone  to  the  Advanced 
material,  and  that  only  the  Advanced  students  were  making 
good  use  of  it.  They  felt  that  materials  of  a  more  rec¬ 
reational  nature  were  needed  for  the  slower  students,  and 
especially  for  the  Teacher-taught  Class. 

Although  students  did  not  feel  that  the  tests  were 
too  hard,  they  did  think  there  were  too  many  tests  and  that 
they  took  too  long  to  mark.  Teachers  felt  that  marking  would 
be  easier  if  the  tests  were  converted,  as  far  as  possible,  to 
multiple  choice  style.  This  was  done  for  Topics  3  and  4. 

Students  enjoyed  using  the  filmstrips,  and  teachers 
did  not  indicate  that  there  were  any  problems  in  this  area. 
The  school  provided  six  sets  of  different  grade  seven  math¬ 
ematics  texts  for  the  students.  Whenever  a  student  was  un- 
unable  to  properly  answer  the  last  Check-exercise  In  a 
section,  he  was  referred  to  a  specific  page  in  one  of  these 
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texts.  Initially,  students  made  good  use  of  these  reference 
books,  but  later  in  the  program  most  preferred  to  go  directly 
to  a  student  helper  or  to  the  teacher  for  assistance.  This 
situation  likely  developed  because  it  was  usually  the  poorer 
students  who  were  directed  to  the  texts.  In  retrospect,  it 
is  clear  that  the  better  students  should  have  been  directed 
to  these  reference  books  more  than  they  were. 

On  the  whole,  most  aspects  of  the  materials  were 
well  liked  and  found  useful  by  the  students  and  teachers. 
Exceptions  were  the  Non-routine  Problems,  the  Enrichment,  and 
the  reference  books.  This  would  indicate  not  that  these 
aspects  should  be  removed  from  the  program,  but  that  more 
care  should  have  been  taken  in  their  planning,  construction, 
and  implementation.  It  is  also  clear  that  the  most  pertinent 
addition  in  this  area  would  be  manipulative  teaching  aids. 

4.  CLASSROOM  MANAGEMENT 

This  section  is  addressed  to  student  and  teacher 
reactions  concerning  classroom  management  implementations. 
Some  management  techniques  were  designed  by  the  experimenters 
and  some  by  the  teachers. 

Part  of  the  experiment  consisted  of  allowing  a  very 
free  atmosphere  to  prevail;  one  in  which  students  felt  free 
to  interact  with  each  other.  Student  helpers  were  appointed 
from  the  better  students.  A  number  of  pupils  commented  that 
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they  obtained  a  great  deal  of  help  from  their  friends  and 
that  this  was  often  better  than  getting  help  from  a  teacher. 
Teachers  recognized  that  the  student  helpers  were  well  ac¬ 
cepted  by  most  students  and  felt  that  they  served  a  useful 
purpose. 

A  number  of  students  complained  that  they  were 
promised  more  freedom  than  they  actually  received.  This  is 
offset  somewhat  by  other  students'  comment  that  many  pupils 
'fooled  around'  too  much.  Students  also  noticed  (as  did 
teachers)  that  some  students  merely  copied  answers  from  the 
back  of  the  book  and  did  not  do  their  work.  This  diminished 
during  later  topics  after  these  students  were  'caught'  on  the 
tests. 

A  few  students  were  annoyed  because  they  felt  the 
teacher  took  up  too  much  time  at  the  beginning  of  each  class 
talking.  Others  complained  that  the  booklets  were  not  avail¬ 
able  for  study  just  prior  to  the  final  tests.  The  reasons  for 
these  complaints  are  not  known. 

The  teachers'  main  complaint  in  the  management  area 
concerned  the  increased  paperwork  involved  with  keeping  the 
student  records.  They  also  felt  that  their  role  as  teachers 
was  substantially  different  during  the  experiment.  (For  a 
complete  treatment  of  this  topic,  see  te  Kampe,  1970.)  They 
felt  more  like  guides  and  less  like  disciplinarians.  They 
viewed  their  personal  planning  to  be  more  directed  towards 
individual  students,  and  felt  they  did  much  more  team 
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planning.  They  were  able  to  give  more  attention  to  the 
slower  students  and  felt  that  more  was  being  accomplished  in 
the  classrooms.  They  saw  a  need  for  special  skills  as 
teachers:  they  had  to  cooperate  closely  with  each  other  for 
moral  support  as  well  as  sharing  the  work  load/  they  had  to 
be  committed  to  the  program,  they  relied  heavily  on  their  ex¬ 
perience  as  teachers  and  grasp  of  teaching  in  general,  and 
they  had  to  help  students  adjust  their  expectations  of  the 
teachers  in  their  new  role.  Although  all  teachers  on  the 
team  had  to  work  together,  they  felt  that  a  smaller  group  in 
a  smaller  school  could  be  just  as  effective. 

5.  FEASI Bl L! TY  SUMMARY 

On  the  whole,  teachers  generally  liked  the  experi¬ 
mental  program.  They  agreed  that  although  the  model  did  not 
meet  all  individual  differences,  it  had  the  potential  for  in¬ 
corporating  more  alternatives.  It  made  student  differences 
more  apparent  and  also  created  a  situation  in  which  the 
teachers  could  effectively  deal  with  some  of  these  differences. 

The  program  was  also  generally  liked  by  the  students. 
Of  the  complaints  made  by  them,  most  could  have  been  resolved 
through  more  adequate  planning.  Some  student  complaints  were 
directed  at  portions  of  the  model  which  could  not  be  changed; 
however,  it  is  not  clear  that  the  system  of  instruction  that 
is  best  liked  by  students  would  also  provide  the  best  learning 
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situation  for  them. 

To  the  writer/  there  is  no  doubt 
program  of  individualized  instruction  is  a 
native  to  existing  methods.  Ways  in  which 
be  improved/  and  areas  where  further  study 
ported  In  the  next  chapter. 


that  the  described 
feas i bl e  al ter- 
thi s  program  coul d 
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CHAPTER  SIX 


INTERPRETATIONS  AND  IMPLICATIONS 


By  outlining  the  reactions  of  the  participants  in 
the  Hardisty  experiment,  the  previous  chapter  has  indicated 
the  feasibility  of  the  designed  program.  Areas  of  both 
success  and  inadequacy  were  made  apparent.  The  present 
chapter  focuses  on  these  areas  to  explore  the  reasons  for 
their  occurrence  and  suggest  alternate  procedures  which 
might  be  more  effective.  The  feasibility  report  also  re¬ 
flects  on  the  theory  behind  the  procedures  used.  The  theory 
presented  in  Chapter  III  is  reviewed  in  light  of  the  experi¬ 
mental  observations.  The  chapter  and  this  study  are  con¬ 
cluded  with  a  general  statement  on  the  role  of  individualized 
instruction  in  secondary  school  mathematics. 

1.  COMMENTS  ON  IMPLEMENTATION 

One  point  that  cannot  be  overemphasized  is  the 
importance  of  a  proper  introduction  of  the  program  to  the 
school.  The  three  main  groups  effected  by  such  experiments 
are  the  parents,  the  students,  and  the  teachers.  It  is  not 
uncommon  for  a  project  of  the  scope  and  duration  of  the 
Hardisty  Experiment  to  draw  some  criticizm  from  parents.  A 
child  who  is  having  difficulty  with  mathematics  may  find  it 
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easy  to  blame  the  experimental  program  for  his  difficulties. 
To  the  knowledge  of  the  exper i menters,  not  a  single  case  of 
such  criticism  was  found.  This  must  be  at  least  partly  at¬ 
tributed  to  the  opportunities  afforded  to  the  parents  to  be¬ 
come  acquainted  with  the  experimental  program  at  its  outset. 

The  entire  program  was  based  on  the  students  being 
able  to  acquire  an  understanding  of  the  experimental  proce¬ 
dures.  The  methods  used  for  this  goal  have  already  been 
discussed.  Part  of  the  effectiveness  of  the  program  was  due 
to  the  success  of  these  methods. 

The  teachers  were  responsible  for  carrying  out 
the  orientation  of  both  the  students  and  parents.  It  is 
clear  that  their  commitment  and  thorough  understanding 
of  the  experiment  was  a  fundamental  necessity.  Their 
commitment  also  enabled  them  to  persevere  under  the  role 
changes  and  heavy  work  load  imposed  on  them.  In  the  few 
cases  where  misunderstandings  occurred,  the  cause  could  be 
traced  to  improper  communication  between  the  exper i menters 
and  the  teachers. 

2.  COMMENTS  ON  OPERATION 

As  the  experiment  at  Hardisty  school  progressed, 

« 

areas  of  strength  and  weakness  in  the  devised  procedures  be¬ 
came  apparent.  In  this  section,  significant  aspects  of  the 
operation  are  reported  and  reasons  for  failures  and  sug- 
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gestions  for  improvements  are  Indicated. 

The  most  important  advantage  of  the  program  was 
that  it  identified  certain  groups  of  learners.  As  part  of 
the  instructional  model/  both  the  best  and  the  poorest 
students  (on  the  specific  content)  were  separated  from  the 
main  stream.  This  advantage  was  reinforced  by  three  ad¬ 
ditional  benefits  of  the  program. 

1.  Teachers  indicated  that  they  were  further  able  to 
separate  these  groups:  the  Basic  into  those  who  were  poor  in 
mathematics/  and  those  who  had  difficulty  in  managing  their 
their  own  studies;  the  Advanced  Into  those  who  were  naturally 
good  at  and  liked  mathematics/  and  those  who  wanted  high 
achi evement . 

2.  The  program  identified  specific  student  problems. 
From  looking  at  a  student's  flowchart/  the  teachers  were 
able  to  locate  relatively  narrow  areas  of  student  weakness. 
Thus  their  time  spent  in  helping  individuals  could  be  most 
ef f i ci ent 1 y  used. 

3.  Teachers  had  more  opportunity  to  help  students  in¬ 
dividually.  Because  of  the  decrease  in  the  amount  of  con¬ 
tent  preparation  and  class  lecture  time  required  of  the 
teachers,  they  were  able  to  spend  a  higher  proportion  of  each 
class  period  attending  to  individuals.  Basic  students 
received  extra  help  on  fundamental  concepts  while  Advanced 
students  were  provided  with  enriched  learning  experiences. 

Clearly,  the  more  homogeneous  the  group  of 
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students/  the  easier  it  is  for  a  teacher  to  provide  instruc¬ 
tion  isomorphic  to  the  students'  needs.  The  most  homegeneous 
grouping  system  would  be  achieved  only  when  there  were  as 
many  groups  as  there  were  students.  However  there  is  likely 
some  method  of  division  and  number  of  groups  which  would  make 
instruction  most  efficient  for  a  particular  curriculum 
content.  The  Hardisty  Experiment  indicated  that  three  groups 
was  not  too  many.  But  the  question  of  whether  distinguishing 
five  groups  (along  the  lines  mentioned  or  some  other  cri¬ 
terion)  would  be  feasible  and  provide  better  instruction 
remains  unanswered. 

There  were  four  main  areas  in  which  the  devised 
procedures  were  inadequate.  These  concerned  the  Non-routine 
Problems,  the  Activities  and  Exercises,  the  Enrichment,  and 
the  clerical  tasks  required  of  the  teachers. 

The  reason  for  the  failure  of  the  Non-routine 
Problems  (as  outlined  in  the  previous  chapter)  was  that 
teachers  did  not  adequately  supervise  this  activity,  nor  did 
they  evaluate  students'  attempted  solutions.  At  the  start 
of  the  program,  the  experimenters  did  not  clearly  indicate 
the  importance  of  this  section  to  the  teachers,  nor  did  they 
adequately  outline  the  teachers'  responsibilities  in  this 
area.  When  the  difficulties  became  apparent  at  the  end  of 
the  first  topic,  the  teachers  had  already  committed  most  of 

their  time  and  were  unwilling  to  accept  the  added  responsi¬ 
bility  this  section  entailed.  If  the  teachers  had  been  made 
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clearly  aware  of  this  task  at  the  outset/  it  Is  likely  that 
these  difficulties  would  have  been  minimized.  Further  ques¬ 
tions  concerning  the  appropriateness,  difficulty  level,  and 
instructional  value  of  this  section  remain  to  be  tested. 

Although  the  exercises  provided  in  the  Activities 
and  Exercises  sections  served  a  valid  purpose,  these  sections 
could  have  been  a  great  deal  more  useful  if  they  had  incor¬ 
porated  appropriate  activities.  The  better  students  used 
these  sections  very  little,  as  they  were  usually  instructed 
to  skip  over  them.  However,  the  poor  students  who  were 
having  difficulty  because  of  the  reading  demanded  of  them 
simply  got  'more  of  the  same'  when  they  began  the  Activities 
and  Exercises  sections.  The  facility  for  incorporating 
laboratory  or  manipulative  types  of  learning  activities  is 
readily  available  through  this  aspect  of  the  plan.  It  would, 
in  effect,  provide  an  additional  mode  of  instruction  for 
students;  and  it  would  be  used  by  those  pupils  most  in  need 
of  this  opportunity. 

The  enrichment  material  provided  for  students  was 
effective  in  stabilizing  their  rates  of  progress.  It  pro¬ 
vided  meaningful  activities  for  the  faster  students  while  the 
slower  ones  'caught-up'.  This  is  not  a  pedagogi cal  1 y  de¬ 
fensible  use  of  enrichment,  because  all  students  should  have 
the  opportunity  to  persue  non-curriculum  topics,  or  at  least 
have  respite  from  the  daily  routine  of  mathematics  classes. 
More  importantly.  It  is  the  slower  students  who  would  likely 
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take  most  profit  from  learning  non-curriculum  mathematics; 
for  both  the  knowlege  and  the  improvement  of  their  attitude 
towards  this  subject.  There  are  a  number  of  problems:  slow 
students  usually  have  difficulty  using  their  time  effec¬ 
tively  and  therefore  might  get  little  out  of  enrichment, 
materials  are  difficult  to  devise  for  other  than  the  better 
students,  and  it  is  usually  only  the  better  students  who  have 
the  self-motivation  to  persue  topics  on  their  own.  Under 
the  present  school  system,  where  wide  variation  in  student 
rate  of  progress  is  generally  not  allowed,  these  problems  do 
not  appear  to  be  capable  of  solution. 

Students  criticized  the  teacher  for  being  unavail¬ 
able  for  help.  This  was  caused  partly  by  teachers  taking 
groups  of  slow  students  to  another  room  for  special  classes. 
However,  the  program  did  provide  much  unstructured  time  for 
the  teachers  and  it  was  observed  that  in  some  cases  they  used 
a  considerable  amount  of  this  in  attending  to  admi ni strat i ve 
tasks.  This  was  not  desirable  for  the  program  and  did  not 
occur  as  often  later  in  the  experiment  when  teachers  were 
more  adapted  to  their  new  roles.  The  amount  of  clerical  work 
necessary  in  marking  the  many  exams  and  recording  students' 
marks  on  both  the  teachers'  and  students'  record  pages  was 
excessive.  it  was  abated  somewhat  by  the  services  of  a 
teacher-aide,  but  still  took  the  teachers  away  from  duties 

more  appropriate  to  the  teaching  of  mathematics.  Simply 
alleviating  these  many  tasks  would  further  the  cause  of 
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individualization  by  giving  the  teachers  more  time  to  spend 
with  the i r  students. 

Computers  are  well  suited  to  keeping  track  of  this 
type  of  data.  Since  a  large  proportion  of  the  tests  given  to 
students  were  constructed  in  a  multiple  choice  style,  answers 
reported  on  appropriate  forms  could  be  evaluated  by  the 
computer.  Student  records  would  then  be  updated  auto¬ 
matically.  Besides  handling  the  clerical  chores,  the  com¬ 
puter  could  also  help  monitor  individual  students*  progress. 
By  providing  summary  sheets  on  request  and  identifying  which 
students  could  be  grouped  together  for  Min i -1 ectu res,  the 
computer  would  serve  as  a  management  assistant.  Available 
information  retrieval  programs  could  also  be  used  to  access 
printed  materials  such  as  outlines  for  activities.  This 
would  make  the  problem  of  managing  a  large  number  of 
activities  (in  the  Activities  and  Exercises  sections)  much 
easier  for  the  teacher,  and  make  the  activities  and  materials 
more  accessible  to  the  students. 

Both  students  and  teachers  found  some  parts  of  the 
Development  in  the  materials  too  pedantic.  Of  course 
students  always  had  the  option  of  attending  the  Teacher- 
taught  class,  but  it  is  likely  that  some  content  could  be 
explained  verbally  more  efficiently  than  through  printed 
pages.  This  certainly  occurred  to  the  experimenters  a  number 
of  times  while  they  were  preparing  the  Development  sections. 
Using  the  same  instructional  model,  perhaps  some  sections 
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should  require  a  class  lecture  presentation  to  all  students 
or  to  specific  groups.  This  could  be  done  only  if  the 
material  was  not  sequentially  dependent;  as  fast  students 
would  go  on  to  following  sections  while  teachers  waited  for 
a  significant  group  to  be  ready  for  the  class  presentation. 

The  entire  program  was  criticized  by  a  number  of 
people  from  the  standpoint  that  the  students  did  not  cover  as 
much  of  the  curriculum  as  would  have  been  covered  using  tra¬ 
ditional  methods.  This  was  true,  but  must  be  viewed  in  proper 
perspective.  First,  an  estimated  three  weeks  of  class  time 
was  lost  through  waiting  for  materials,  the  introduction  of 
the  new  teaching  method,  and  peripheral  testing  of  the 
students.  Secondly,  a  certain  amount  of  'overhead'  time  must 
be  allowed  for  the  installation  of  any  new  program.  Over  the 
course  of  a  year,  the  time  used  by  students  and  teachers  to 
become  aclimatized  to  the  new  approach  would  be  less  signifi¬ 
cant.  Thirdly,  the  students  clearly  learned  more  about  that 
portion  of  the  curriculum  that  they  did  cover  than  a  normally 
taught  class  would  have.  This  is  supported  both  by  Sunde's 
thesis  and  the  fact  that  teachers  did  not  use  students' 
phase  2  test  results  for  determining  the  report  card  marks. 
Instead,  they  used  the  phase  1  test  results.  This  kept  the 
students'  reported  grades  from  being  unacceptably  high. 

The  described  program  was  only  implemented  at  one 
grade  in  one  school.  There  does  not  appear  to  be  any  impedi¬ 
ment  to  implementing  the  program  in  other  schools,  at  other 
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grade  levels,  or  in  other  curriculum  subjects.  The  modifi¬ 
cations  found  necessary  by  an  experiment  involving  any  com¬ 
bination  of  the  above  three  shifts  would  be  both  valuable  and 
interesting  to  educators.  There  is  no  doubt  that  much  more 
than  has  been  reported  in  this  and  the  theses  by  Sunde  and 
te  Kampe  can  be  examined  concerning  this  model.  It  is  almost 
certain  that  further  ideas  along  these  lines  will  be  investi¬ 
gated.  Suggestions  for  the  direction  of  this  investigation 
is  the  topic  of  the  next  section. 

3.  SUGGESTIONS  FOR  FURTHER  RESEARCH 

Following  is  a  list  of  suggestions  for  further 
research.  The  items  are  ordered  beginning  with  those  areas 
that  appear  most  fruitful  to  the  writer.  No  comparative 
studies  are  indicated,  partly  because  it  is  doubtful  that 
significant  improvement  over  traditional  instruction  methods 
could  be  demonstrated  by  this  model  over  a  short  time  span, 
and  partly  because  the  greatest  need  for  research  in  this 
area  is  for  development  rather  than  formal  evaluation. 

1.  The  most  significant  single  extension  of  this  model 
would  be  the  addition  of  appropriate  activities  to  the 
Activities  and  Exercises  sections.  This  would  entail  pro¬ 
curement  of  learning  aids  appropriate  to  the  activities 
dev! sed . 

2.  A  computer  should  be  added  to  the  operation  of  the 
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model.  Its  uses  could  be  to: 

a)  alleviate  the  clerical  duties  of  teachers  by  marking 
tests  and  keeping  track  of  student  records, 

b)  help  organize  teachers'  activities  by  providing 
summary  sheets  and  signalling  student  problems, 

c)  provide  direction  for  organizing  Mi ni -1 ec tures  for 
both  students  and  teachers,  and 

d)  provide  access  to  detailed  instructions  for  activi¬ 
ties  for  students  and  lesson  plans  for  teachers. 

3.  A  division  of  students  into  five  groups  should  be 
tested;  both  the  Basic  and  Advanced  groups  being  subdivided 
along  the  criteria  mentioned  in  the  previous  section. 
Criterion  cutting  points  on  Test  1  could  be  adjusted  to  dis¬ 
tribute  students  appropriately  among  the  three  main  groups, 
and  evaluation  by  the  teachers  used  to  make  the  second 

di vi si ons. 

4.  The  content,  purpose,  administration,  and  justifi¬ 
cation  of  the  Enrichment  and  Non-routine  Problems  sections 
should  be  reassessed;  and  suitable  modifications  made  to  in¬ 
corporate  these  aspects  into  the  model. 

5.  The  model  should  be  tested  with  different  teachers, 
in  different  grades,  with  varying  numbers  of  pupils,  and  with 
different  subject  matter. 
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4.  COMMENTS  ON  THE  THEORETICAL  RATIONALE 

Chapter  III  of  this  study  presented  four  areas  of 
theoretical  background  to  the  designed  experimental  proce¬ 
dures.  The  feasibility  of  the  program  indirectly  indicates 
the  adequacy  of  this  theory. 

Fourteen  variables  along  which  students'  need  to 
learn  mathematics  might  be  affected  were  detailed.  It  was 
asserted  that  these  needs  might  be  accounted  for  by  pro¬ 
viding  a  program  of  instruction  which  allowed:  varying  time 
on  learning  tasks,  varying  learning  tasks,  varying  modes  of 
presentation  and  enrichment  opportunities. 

On  the  whole,  allowing  students  to  proceed  at  their 
own  pace  did  allow  for  the  variables  of  intelligence,  apti¬ 
tude,  study  skills,  motivation,  reading  skills,  prior  know¬ 
ledge,  attention  span  and  physical  condition.  Allowing  vary¬ 
ing  tasks  also  helped  to  individualize  instruction  along 
these  variables.  Since  most  students  scored  quite  high  on 
the  tests  at  the  end  of  each  topic,  it  would  appear  that  the 
program  was  successful  in  differentially  assigning  learning 
tasks  to  students.  However,  the  Basic  group  usually  pro¬ 
ceeded  most  slowly  indicating  that  reducing  their  number  of 
learning  tasks  was  not  entirely  successful  in  removing  the 
time  difference  between  high  and  low  students.  There  remains 
room  for  compromise  between  these  two  implementations;  but 
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it  would  appear  that  the  required  degree  of  mastery  and  the 
number  of  learning  tasks  for  the  high  and  low  groups  must  be 
determined  through  trial  and  error  testing  with  each  segment 
of  the  curriculum.  Expected  variations  in  individuals 
ability  would  indicate  that  a  dynamic  method  of  determining 
this  balance  would  be  most  appropriate. 

The  value  of  providing  varying  modes  of  presentation 
was  not  adequately  tested  by  the  experimental  program,  since 
only  two  well-defined  possibilities  were  made  operational. 
However,  it  is  clear  that  the  teacher-taught  class  choice  was 
an  asset  to  the  total  program  in  allowing  for  some  student 
differences  which  otherwise  would  not  have  been  met.  Indi¬ 
cations  were  that  other  modes  would  also  be  valuable,  but  the 
choice  from  alternatives  would  again  depend  upon  student-cur¬ 
riculum  centered  trial  and  error  testing.  Dynamic  choices 
from  a  set  of  established  alternatives  would,  of  course,  be 
the  best  solution. 

Enrichment  opportunities  were  available  in  the 
program,  but  were  not  well  used  by  the  low  group  of  students. 
There  were  two  obvious  reasons  for  this:  the  material  was 
directed  mainly  towards  the  better  students'  interests,  and 
the  slower  students  seldom  had  the  opportunity  to  engage  in 
enrichment  work.  The  choice  of  enrichment  material  seems  to 
naturally  tend  towards  the  interests  of  the  better  students. 

In  a  program  where  the  lower  students  were  allowed  an  equita¬ 
ble  proportion  of  enrichment  time,  a  poor  choice  of  material 
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for  them  could  result  In  diminishing  the  usefulness  of  this 
extension  to  the  curriculum. 

Also  emphasized  was  the  need  for  a  transparent 
organization  of  the  instructional  procedures.  It  was  argued 
that  if  students  understood  the  organizational  structure  of 
the  program,  they  would  be  able  to  make  some  of  their  own 
learning  decisions;  if  they  made  their  own  decisions,  they 
would  have  to  accept  personal  responsibility  for  their  own 
learning;  and  if  they  accepted  this  responsibility  then  they 
would  learn  more  efficiently.  On  question  40  of  the  student 
questionnaire,  more  than  70%  of  students  agreed  that  they 
learned  more  mathematics  this  year  than  in  other  years.  This 
lends  credence  to  the  above  argument. 

The  concept  of  ability  grouping  has  been  in  use  by 
educators  for  some  time.  Although  the  devised  program  pro¬ 
vided  for  only  three  groups,  it  did  allow  for  frequent  group 
changes  and  used  achievement  on  similar  content  for  group 
determination.  A  thorough  study  of  group  mobility  and  flexi¬ 
bility  can  be  found  in  Sunde  (1970).  Class  grouping  was  an 
integral  part  of  the  designed  program  and  was  certainly  use¬ 
ful  in  determining  learning  tasks. 

The  final  point  emphasized  was  the  need  for  and 
format  of  behavioral  objectives.  On  the  student  question¬ 
naire,  more  than  80%  of  students  agreed  that  the  supplied 
objectives  were  useful.  This  would  indicate  that  the  objec¬ 
tives  were  at  least  understandable  to  the  students.  Had  they 
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been  stated  in  a  more  formal  way,  it  Is  unlikely  that  they 
would  have  been  as  useful.  On  question  36  of  the  question¬ 
naire,  more  than  36%  of  students  indicated  that  the  objectives 
were  useful  in  preparing  for  their  tests.  On  question  37, 
more  than  60%  agreed  that  the  tests  were  not  too  hard  because: 
1  ...  you  know  what  all  of  the  questions  were  going  to  be 
like.'  Th i s  i nf ormat 1  on  would  indicate  that  the  format  chosen 
was  very  effective  for  the  experimental  program. 

On  the  whole,  no  information  was  collected  from  the 
experiment  which  would  contradict  the  theoretical  back¬ 
ground  to  the  project.  Instead,  questions  were  raised  as  to 
the  further  applicability  of  these  ideas. 

5.  INDIVIDUALIZED  INSTRUCTION  IN  SECONDARY  SCHOOLS 

It  seems  self-evident  that  the  more  that  instruc¬ 
tion  is  tailored  to  the  individual  needs  of  students,  the 
more  beneficial  i t  wi 1 1  be  for  those  students.  An  objection 
to  this,  that  the  random  interaction  provided  in  a  school 
classroom  is  necessary  to  the  child's  total  education,  is 
vacuous.  Individualization  of  instruction  does  not  preclude 
such  interactions,  rather  it  must  plan  for  them.  The 
questions  on  how  to  arrange  for  the  many  experiences  each 
child  must  have  are  not  yet  answered.  But  surely  it  is 
better  to  attempt  the  formulation  of  these  answers  than  to 
continue  to  rely  on  the  unorganized  experience  of  each  child 
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to  determine  the  greatest  part  of  his  education. 

The  place  to  start  appears  to  be  with  the  con¬ 
struction  of  detailed  educational  objectives.  If  these  ob¬ 
jectives  can  be  arranged  in  an  ordered  hierarchy/  and  if 
tests  can  be  devised  to  assess  mastery  of  these  objectives/ 
then  the  experiences  any  child  needs  should  be  capable  of 
determination.  This  is  a  job  which  cannot  be  accomplished 
quickly/  it  may  not  even  be  capable  of  completion;  but  it  is 
a  job  which  can  be  started  now. 

Individualization  may  take  one  of  two  courses.  If 
all  students  are  expected  to  achieve  the  same  objectives,  it 
is  logical  that  most  graduates  of  the  schools  would  be  very 
similar  in  abilities.  If  the  other  course  is  taken,  and 
different  objectives  are  determined  for  different  students, 
an  obvious  moral  dilemma  results.  Yet  it  is  this  latter 
course  which  has  been  taken  by  default.  The  moral  problem 
bothers  no  one  because  the  experiences  determining  all 
learning  are  under  little  control.  In  effect,  chance  alone 
is  allowed  to  determine  which  experiences  an  individual  will 
have  to  prepare  him  for  his  environment. 

At  a  time  when  the  knowledge  in  the  world  is 
doubling  every  ten  years,  our  educational  system  must  be 
able  to  produce  citizens  of  high  ability  In  greater  numbers 
than  chance  alone  will  provide.  Methods  such  as  the  one 
described  in  this  report  seem  the  next  logical  step  towards 
adapting  education  to  the  needs  of  our  time. 


J 
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APPENDIX  I 


COST/TIME  ACCOUNTING 


Following  is  a  statement  of  the  money  expended 
on  the  Hardisty  Project.  The  initial  grant  was  provided  by 


the  President's  Humanities 

Research 

Fund. 

ASSETS 

Initial  Grant 

$1500. 00 

Received  from  Encyclopedia 

Britannica  for  Option 

to 

Pri nt  Materi als 

800.  00 

Final  Grant 

200. 00 

EXPENSES 

Typi ng 

Topic  1 

$  82.00 

Topic  2 

107.00 

Topic  3 

134.00 

Topic  4 

176. 00 

499.50 

Printing 

Topic  1 

384.92 

Topic  2 

536.89 

Topic  3 

605. 56 

Topic  4 

337.  93 

1865. 30 

Other 

Xerox i ng 

110.68 

Paper  &  Typewriter 

R i bbons 

10.52 

Typewr I  ter  Rental 

132.00 

253. 20 

$2500. 00 


NET  DEFICIT 


2618. 00 
$  118.00 


The  above  statement  does  not  include  the  services 
of  three  graduate  student  assistants.  All  were  on  assistance 
ships  with  the  Department  of  Secondary  Education  (University 
of  Alberta)  and  were  allowed  half  of  their  time  to  work  on 
the  project.  The  expense  to  the  University  in  this  regard 
would  be  an  additional  $4500. 00,  which  resulted  in  six  hours 
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of  work  per  week  by  three  people  for  thirty  weeks,  or  four 
hundred  and  fifty  man-hours. 

Also  not  included  are  the  services  of  both  Mortlock 
and  Slgurdson.  It  can  be  estimated  that  these  two  people 
contributed  an  additional  four  hundred  man-hours  to  the 
project. 

As  a  result  of  these  expenditures,  about  three 
hundred  of  the  four  units  of  grade  seven  mathematics  material 
were  produced.  Each  set  consisted  of  over  one  thousand  type¬ 
written  pages  and  would  occupy  an  average  student  for  about 
three  and  one-half  months.  Also  produced  were  three  masters 
theses  and  a  wealth  of  experience  for  the  graduate  students 
and  the  teachers  at  Hard! sty  school. 
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HANDOUTS  TO  THE  PARENTS  AND  PRE -EXPER I MENT 

ACTI VITI ES 


Included  In  this  appendix  are  two  items  prepared 
by  the  teachers  at  Hardi sty  school.  Both  were  made  avail¬ 
able  to  parents.  The  first  is  a  diagram  showing  the  student 
as  the  hub  of  resources  available  for  his  education. 

During  the  first  half  of  the  school  year,  just 
prior  to  the  experiment/  teachers  at  Hardi sty  had  designed 
and  implemented  their  own  individualization  program.  The 
nature  of  their  efforts  is  clarified  by  the  second  item  in 
this  appendix.  The  aspects  felt  to  be  important  by  the 
teachers  and  the  nature  of  the  materials  they  used  is  il¬ 
lustrated  by  the  f H .  I  .  P.  *  paper. 
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H.  I.  P. 


Hardisty  Individualized 
Progress 


PRE-TEST 


122 


These  questions  have  been  designed  to  allow  you  to  evaluate  your 
own  knowledge  of  the  Individualized  Progress  mathematics  program  in 
our  school. 

1.  How  many  students  participate  in  the  program? 


2.  How  many  periods  per  week  does  your  child  study  mathematics? 


3.  Describe  the  objectives  of  the  Individualized  Progress  math 

program.  Be  sure  to  include  such  terms  as  student  responsibility, 
multi-faceted  approach,  etc.. 


1.  Outline  the  proper  use  of  pre-tests  and  post-tests? 


5.  What  are  the  advantages  of  this  program  of  Individualized  Progress 
over  more  traditional  approaches? 


If  you  score  100$  on  this  test  you  should  be  up  here  and  I  should  be 

sitting  in  your  seat.  ,  _  __ 

If  you  did  not  do  well  please  be  patient  and  listen  carefully. 
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Overview:  123 

It  is  the  belief  of  the  math  teachers  at  Hardisty  Junior  High 
School  that  the  most  effective  learning  will  occur  through  a  variety 
of  teaching  methods  and  learning  activities.  That  such  a  variety  of 
methods  and  activities  be  utilized  is  readily  seen  when  it  is  realized 
that  learners  and  what  is  to  be  learned  vary  to  a  great  degree  .  No 
two  people  are  alike  nor  do  they  necessarily  learn  in  the  same  way. 

It  is  then  the  responsibility  of  the  school  to  provide  maximum  oppor¬ 
tunity  for  each  learner  to  proceed  at  his  own  speed;  to  cover  as  much 
material  as  he  can  handle;  to  choose  the  method  of  learning  that  best 
suits  him;  and  to  select  those  aids  to  learning  which  makes  under¬ 
standing  the  simplest. 


The  math  department  at  our  school  has  attempted  to  meet  these  re¬ 
sponsibilities  with  a  program  of  Individualized  Progress.  It  is  our 
purpose  now  to  explain  this  program  to  you.  We  will  attempt  to  do 
this  by  providing  this  information  using  the  same  format  as  the  lessons 
which  serve  as  one  avenue  of  learning  for  your  youngsters. 


Objectives 


Development 


I  -  A 

To  acquaint  parents  with 
the  times  and  location 
of  when  this  program  is 
in  operation. 


I-B 

To  acquaint  parents  with 
the  operational  procedures 
of  the  program. 


Location 

upper  floor  on  the  East  wing. 


Times 


One  period 
(for  times 
table ) 


each  day,  except  Wednesday 
consult  your  child’s  time- 


There  are  9  Grade  VII  classes  in  the  school 
These  9  classes  are  divided  into  two 
sections:  One  section  consists  of  5 

classes  and  the  other  of  4. 

Each  section  takes  math  at  the  same  time. 


Objectives 


Development 


I  -  C 
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To  acquaint  parents 
with  the  overall 
objectives  of  our 
math  program . 


Objectives  of  our  math  program. 

1.  To  provide  the  opportunity  for 

individual  and  continuous  progress. 


2.  To  provide  students  with  as  many 
avenues  or  methods  of  learning  a 
given  concept  as  possible. 


3.  To  provide  a  means  by  which  the 
teacher  gains  more  individual 
contact  with  the  student. 

I 

i 

i 


i 

4.  To  provide  the  student  with  the 

means  for  realistic  self-evaluation. 


5.  To  provide  students  with  objectives 
that  are  specific  and  measurable. 


6.  To  provide  enrichment  for  maximum 
growth  of  the  learner. 


7.  To  allow  teams  of  teachers  to  pool 
talents,  capabilities,  share  tasks, 
information,  and  responsibilities. 


. 


Object ives 

,,  12  5 

Development 

3.  To  invite  parents  to  visit  the  school 
to  criticize  the  program  and  to  work 
with  teachers  to  provide  the  best 
possible  education  for  their  children 
and  our  students. 

I  -  D 

To  invite  parents  to 
ask  questions. 


An  attempt  will  be  made  to  answer  all 
questi ons . 


I  -  E 

To  invite  parents  to 
meet  the  other  teachers 
involved  in  the  program. 


Each  parent  is  invited  to  follow  the 
teacher  of  his  or  her  child  to  their 
classrooms . 


I  -  F 

To  thank  parents 
for  coming. 


Remember  that  you  are  welcome  at  any 
time. 


POST  TEST 


Re-write  the  pre-test. 

If  your  score  is  less  than  100L/b  and  if  you 
are  not  totally  convinced  that  our  program 
of  Individualized  Progress  will  provide  the 
best  possible  mathematics  education  for  your 
child  then  a  sk  for  further  explanation  and 
clarification . 


' 


APPEND  I  XIII 


SAMPLES  OF  THE  MATERIALS 

a  Flowchart  Samples  #  .  128 

b  Record  Page  Sample  ......  130 

c  Phase  1  Sample  ........  131 

d  Phase  2  Samples . 181 

e  Test  Samples . 218 

f  Challengers  (Non-Routine 

Problems)  Sample  .  230 

g  Enrichment  Sample . .  .  243 

h  Key  Ideas  Pages . 245 
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TOPIC  2 


RECORD  PAGE  NAME 

CLASS 


OBJECTIVES  B  I  A 

B  1.1 

I  1.1 _ _ 

B  1.2 

I  1.2 _ 

B  2.1 

I  2.1 _ 

B  3.1 

I  3.1  _ 

B  3.2 

I  3.2 

B  4.1 

-  I  4.1  _  _ 

B  5.1 

I  5.1 _ — 

I  6.1 _ _ 

B  7.1 

I  7.1 _ _ 

B  8.1 

I  8.1 
B  9.1 

I  9.1 _ 

19.2  _ 

B  10.1 

I  10.1 

B  11.1 

I  11.1  __ 

I  12.1  — 

I  12.2  ~ 17“ 

I  12.3  _ 

— o - - - 

A  2  ^ _  - 

A  3 _  _ 

_ LA _ "1 _ . 

A  5 _ _ 

A  6  _ 

PHASE  I  Sub  Total  |  ~| 

Total  „l„  J 

Possible  * - rrn - ' 


PHASE  II 
B  Group 


PHASE  II 
I  Group 


CHALLENGERS (Non-Routine  Problem  Solving) 


Problem 

Number 

Attempted 

This 

Problem 

Success 

Student 

Assessed 

Teacher 

Assessed 

1 

2 

3 

4 

5 

6 

7 

~T~ 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

4  7  BASIC 

8  to  13  INTERMEDIATE 

>14  ADVANCED 
COMMENT: 


PHASE  II  GROUP 


PHASE  I  &  II  Total 
Possible  Total 

12 

PHASE  I  &  II  Sub  Total 
Total 

PHASE  I  &  II  Sub  Total 

PHASE  II 
A  Group 


' 
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TOPIC  2 


PHASE  I 


OPERATIONS  WITH  RATIONAL  NUMBERS 


OPERATIONS  WITH  RATIONAL  NUMBERS 


1  OH 
132 


INTRODUCTION 


In  almost  every  walk  of  life,  at  work  or  at  home,  people  daily 
have  to  add,  subtract,  multiply  or  divide  rational  numbers;  i.e. 
they  have  to  use  one  or  more  of  the  four  basic  operations  with 
rational  numbers. 

2 

A  girl  may  want  to  make  a  recipe  for  —  as  many  people  as  the 
directions  on  the  packet  indicate  or  may  want  to  know  the  cost  of 

3 

1—  yards  of  material.  A  boy  may  want  to  know  how  much  he  would  earn 

4  1 

if  he  increased  his  paper  round  by  —  or  may  want  to  know  the  combined 

3  ^5 

length  of  a  piece  1^-"  long  and  one  2— M  long  in  a  model  he  is 
planning. 

Operations  with  rational  numbers  will  also  be  used  often  in 
the  work  you  will  be  doing  in  mathematics  from  now  until  you  finish 
school.  Since  you  will  be  using  these  ideas  so  much,  it  is  important 
that  you  be  able  to  use  them  accurately  and  quite  quickly. 

The  operations  that  you  will  be  studying  in  this  topic  are 
those  listed  above  -  addition,  subtraction,  multiplication  and 
division.  You  have  already  met  them  before. 

2 

We  will  also  be  concerned  with  mixed  numerals  (eg.  4—  ),  with 

2  ^  3 

solving  conditions  involving  rational  numbers  (eg.  n  +  —  =  -r  )  , 

2  3  J  4 

with  reciprocals,  (eg.  —  and  —  ),  with  properties  of  rational 

numbers  (eg.  commutative  property)  and  with  applying  rational  numbers 

to  answer  questions  about  everyday  situations. 


V 


bru*,  k.  ««., --=.•»*  <*•  «*» '  -^r-  -  ahi3 »; 


' 


O  5 

OBJECTIVE  Bl.l 


To  find  the  sum  of  two  or  more  rational  numbers  named  by  fractions. 


Example 

Find  the  sums  and  write  each  as  a  basic  fraction. 


B. 


1 

3 

2 

5 

+  5 
3 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 


error  in  computation. 


OBJECTIVE  II .  1 


To  find  the  sum  of  two  or  more  rational  numbers  named  by  fractions . 


Example 

Find  the  sums  and  write  each  as  a  basic  fraction. 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation . 


SOLUTION 


11  +  11  +  §1 

60  60  60 

77_ 

60 


_4_ 

36 

42_ 

36 

_9 

36 


55 


OBJECTIVE  B1.2 


1  O  Q 
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To  find  the  difference  of  two  rational  numbers  named  by  fractions. 

Example 

Find  the  differences  and  write  each  as  a  basic  fraction. 


3 

Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


SOLUTION 


OBJECTIVE  II .  2 

To  find  the  difference  of  two  rational  numbers  named  by  fractions. 
Exam-pie 

Find  the  differences  and  write  each  as  a  basic  fraction. 


6 

Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


■ 


SECTION  1.  Operations  of  addition  and  subtraction  with  rational 

numbers 


1  o  7 
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Suppose  we  want  to  add  —  and  —  .  We  can  show  this  on  a  numberline 

o  o 

subdivided  into  fifths. 


i  i  i  i 

1  2  3  4 

5  5  5  5 


*"! ;  i  !  n  r ;  i  h  *  ; 

5  6  Z  !  9  10  1112  lj  14  15  16  17  18 
555555  555555  55 


3  fifths  +  4  fifths  »  7  fifths 


Here  is  another  example,  this  time  with  eights. 

]_ 

8 


l  +  I 
8  8 


X 


0 

0  1  2  3  4  5 


1  2 
6  7  8  9  10  11  12  13  14  15  16  17  18  19 


7  eights  +  3  eights 

10 


The  sum  is 


10 


8  * 


=  10  eights 

Since  answers  are  usually  given  as  basic  fractions 


we  reduce  ^  to  its  basic  fraction. 

O 


10 

8 


10  i  2 
8  t  2 


,5 

4 


1.  Use  the  number lines  above  (if  necessary)  to  find 


<»  M 


<«  l  +  ! 


Answers:  1. 


(1) 


10 

5 


2  (2)  i|  -  | 


To  subtract  we  do  the  same  sort  of  thing.  For  example 


1  08 


LLLLLLLLL  9  10  11  12 

4444444444444 


7  fourths  -  5  fourths  =  2  fourths 

]_  _  5  _  2  2  t  2  _  1 

4  4  ~  4  “  4  t  4  2 


2.  Write  answers  to  the  following  in  your  work  book. 

L  L  /os  11  5  ,,v  2,4  t/\  L  L 

U)  g  8  (2)  16  -  16  3  +  3  4  "  4 

3.  Write  the  answer  to  t  +  4 

4  2 

In  the  examples  we  have  done,  the  denominators  have  been  the 

same  in  both  fractions. 

5  1  n 

What  about  —  +  —  ? 

In  order  to  add  them  the  denominators  must  be  the  same. 

We  can  use  common  denominators  and  the  least  common  denominator 

(L.C.D.)  is  usually  most  convenient.  Here,  the  least  common 

denominator  is  8 .  _ _ _ 

-  ^ 

—  +  —  becomes  —  +  —  and  this  sum  is  —  . 

8  2  8  8  8 


Write 

the  answer 

to  f 

-  ! 

Here 

is  another 

example  -j  + 

5 

4 

The  L 

.C.D.  is  20 

2 

2x4 

8 

and 

5 

5x5 

25 

5 

5x4 

20 

4 

4x5 

20 

Thus 

I  +  I  - 

5  4 

8 

20 

+  25 
20 

=a 

33 

20 

(and 

this 

is  a  basic 

fraction) 

(2)it ■* f  (3)  f  ■  f or  2  <A)for0 

,7,1  7,1x2  7,2  9,  2,3  2x4 

J  4  2  4  2x2  4  4  4  3  4  3x4 

3x3  J3  _9  17_ 

4x3  “  12  12  =  12 


Answers 


1  O  3 


Yet  another  example: 


5x5  9x3 

6x5  10  x  3 

25  27 

30  30 

5_2 

30 

52  t  2 
30  t  2 

26 
15 
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Find  the  L.C.D.  It  is  30. 

Find  equivalent  fractions  with  this  denominator 

Add  the  numerators. 

Is  the  answer  a  basic  fraction? 

If  not,  reduce  it  to  a  basic  fraction. 


Now  a  subtraction  example.  The  steps  are  similar. 


9 

8 

9x3 

8x3 

27 

24 

_7 

24 


Find  the  L.C.D.  It  is  24 

^  x  ^  Find  equivalent  fractions  with  this  denominator 

6x4  Find  the  difference  of  the  numerators. 

20  The  answer  is  a  basic  fraction.  We  are 

24 

finished. 


Now  look  at  this.  Suppose  in  the  last  example  we  had  used  48  as 

the  common  denominator  instead  of  24.  The  steps  would  be: 

9  5 

8  "  6 

9x6  _  5x8 

8x6  6x8 


54 

48 

14 

48 

14  T 
48  * 

_7 

24 


<- 


2 

2 


40 

48 


The  result  here  is  not  a  basic  fraction. 
However,  reducing  it  we  get  the  same  as 
above. 


We  can  use  any  common  denominator  when  adding  or  subtracting  rational 
numbers.  However,  the  least  common  denominator  usually  gives  the 
result  with  the  least  amount  of  work. 


no 


2  3  7 

5.  Find  J  +  J  +  4* 

To  find  the  sum  of  three  or  more  rational  numbers,  you  find  the 
L.C.D.  of  all  the  denominators,  find  equivalent  fractions  with 
this  denominator  and  then  add  the  numerators. 

For  example: 

Find 

The  L.C.D.  of  6,  4,  and  9  was  36. 


Now  read  OBJECTIVES  II. 1  and  11.2  and  their  examples.  These  tell 
you  what  you  are  expected  to  be  able  to  do  for  this  section. 

When  ready  turn  to  and  do  CHECK  EXERCISES  1.1  and  1.2. 


5 

5 

X 

6 

30 

6 

6 

X 

6 

36 

5 

5 

X 

9 

45 

4 

4 

X 

9 

=3  ■  ■■ 

36 

5 

5 

X 

4 

20 

9 

9 

X 

4 

36 

95 

36 


Answers : 


2  ,  2  ,  Z  2  x  20  3  x  12  7  x  15 

3  5  4  3x20  5x12  4x15 

40  36.  105  181 

60  60  60  =  60 


CHECK  EXERCISE  1 


111 
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II. 1  Add  the  following  and  write  each  sum  as  a  basic  fraction. 
6 


v  w  .  3,4 

a)  *r  T7T  +  T" 

J  25  10  5 

M  5  ,  11  .  2 

b)  8  +  16  +  3 

v  3  ,  11  _7 

c)  4  +  15  +  12 


d) 


_9 

10 

3 

4 
2 


e) 


+  -f 


_9 

10 

n 

12 

3 

4 


11.2  Find  the  differences  and  write  each  as  a  basic  fraction. 


v  2  1 

a)  3  "  6 

M  4  _  1 

b)  5  2 

v  4  1 

c)  9  6 


d) 

e) 


1_ 

8 

10 

6 


1 

5 


3^ 

4 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  If  you  are  not  certain  how  to  add  rational  numbers,  or  if  you 
had  more  than  one  part  incorrect  in  CHECK  EXERCISE  1.1;  read 
section  1  carefully  and  do  activity  exercises  1.1. 

-  If  you  are  not  certain  how  to  subtract  rational  numbers,  or 

if  you  had  more  than  one  part  incorrect  in  CHECK  EXERCISE  1.2;  read 
section  1  carefully  and  do  activity  exercises  1.2. 

-  Otherwise,  go  on  to  section  2. 


Activity  Exercises  1.1 

3  2 

1.  Using  a  number  line,  we  can  see  that  ■=■  +  — 


7  7 


5 

7 


-> 


2  4 

a)  Write  the  fraction  that  equals  y  +  —  . 

b)  Add  the  following.  Use  a  number  line  if  you  wish, 
to  do  them  without. 


but  try 


i) 


_8 

10 


3  1 

—  +  y  cannot  be  added  as  easily  because  they  have  different 


denominators . 

„  1  1x2  2 

But  t -  =  t 7T  =  Tj-  . 

4  4x2  8 


Now  we  have 


8 


5_ 

8  * 


i  1Z 


Study  the  following  examples: 
2 


a) 


d) 


T  +  5 


b) 


1  + 

4  6 


3  x 

4  x 

5  ' 

15 

.  9 

20 

+  20 

23 

20 

Note: 

We  r 

2x4 

5x4 


L.C.D.  is  20 


5 

-t- 

1x3 


+ 


5x2 


L.C.D.  is 


4x3  6x2 

3  10 

12  +  12 
13 
12 


numbers.  The  least  common  denominator  is  usually  most  convenient 
c)  Add  the  following.  Be  sure  you  have  a  common  denominator. 


.  .  .  v  8  4 

lli)  5  +  3 

Adding  ^  ^  we  get 

fraction  of  4*  .  (  =  - 


.-.45 
1V)  7  +  9 

s  11  ,  11 

v)  To +  — 


But  —  can  be  reduced  to  a  basic 

6  *  2  =  3  . 

10  v  2  5  '  * 


Note:  We  always  reduce  a  fraction  to  its  basic  fraction  before 
considering  the  question  finished. 

Add  the  following, 
when  necessary. 

i)  -5+1 
;  12  4 

5 


Be  sure  they  are  reduced  to  basic  fractions 


3  7 

xii)  To  +  8 


u>  TI  +  f 


Adding  three  or  more  rational  numbers  is  done  just  as  for 
adding  two  rational  numbers.  Be  sure  they  ALL  are  expressed 
with  common  denominators  and  the  final  answers  are  BASIC 
FRACTIONS. 


A  +4+5 

3  5  6 

20  .  24  .  25 
30  30  30 

69 
30 
23 
10 


-  common  denominators  (L.C.M.  is  30) 


basic  fraction 


±13 


We  can  also  use  column  form  when  adding  2  or  more  fractions 


+ 


_9 

24 

20 

24 

16 

24 


45 

24 

15 

8 


L.C.D.  is  24 


basic  fraction 


e)  Add  the  following  and  express  the  sums  as  basic  fractions. 

2 


i)  t +  i  +  f 

ii>  i + !  +  i 

m)  f +  if  +  if 


iv) 


3 

2 

5 

_7 

15 


\  2 
V)  3 

3 

4 

♦  f 


Activity  Exercises  1.2 


We  can  also  use  the  number  line  to  find  the  difference  between 

9_  =  5_ 

8  8  8 


two  rational  numbers. 


0 


.5 

8 


-> 


8 


a)  Subtract  the  following.  Use  a  number  line  if  necessary,  but 
try  to  do  it  without. 


i) 


4_ 

9 


ii) 


12 


8 

5 


iii) 


8 


.5 

8 


4  9 

In  order  to  subtract  —  from  Jq-  we  must  express  both  fractions 
with  a  common  denominator. 


_9_ 

10 

_9 

10 

_1 

10 


4_ 

5 

__8 

10 


<f 


4x2 

5x2 


_8 

10 


b)  Subtract  the  following.  Use  the  least  common  denominator. 


i)  — - -  ii)  — 

;  5  15  J  8 


2 

6 


iii) 


2 

5 
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li  V 


In  the  following  example  we  find  we  get  an  answer  of  —  . 
7  5  2 


12 


12  12 


But,  we  do  not  leave  the  answer  as 


12 


BASIC  FRACTION. 


Thus 


12 


_2  =  2  v  2 
12  12  v  2 

_5  _  __2 
12  12 
1 
6 


1 

6 


We  can  also  subtract  in  column  form. 


4 

5 

_1 

10 


We  reduce  it  to  its 


_4 
30 
_3 

_  30 

_1_ 

30 

NOTE:  ALWAYS  EXPRESS  THE  ANSWER  AS  A  BASIC  FRACTION. 


c)  Find  the  differences  and  express  each  as  a  basic  fraction. 


i)  -Z-I 

;  16  4 

...  _3  _  _1 
11;  10  20 


iii) 


20 


1 

5 


iv)  J 
2 

~  3 


v)  f 

4 

7 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Read  objective  II. 1  and  12.1. 

-  If  you  feel  you  are  ready,  do  CHECK  EXERCISE  1A. 

CHECK  EXERCISE  1A 


II. 1  Add  the  following  and  write  each  sum  as  a  basic  fraction, 


V  1  ,  2  5 

a)  4  +  9  +  II 

h\  1  +  4  +  3 

b)  4  +H  +  Io 

c)  JL  +  JL  +  _1 

;  14  21  28 


d)  t 


+  -r 


e) 


3 

8 

1 

6 

_5 

12 


i  15 


11.2  Find  the  differences  and  write  each  as  a  basic  fraction. 


a) 


_7_  1 

12  4 

M  J_  _  I 

b)  15  6 

v  5  _  1 

c)  8  3 


d) 


11 

16 


e)}- 


12 

_8 

15 
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-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  If  you  are  not  sure  how  to  add  or  subtract  rational  numbers, 

or  if  you  had  more  than  one  error  in  each  CHECK  EXERCISE,  check 
Modern  School  Mathematics  pp.  336-340  or  ask  a  student  helper 

or  ask  your  teacher. 

-  Otherwise,  go  on  to  section  2. 


OBJECTIVE  B2.1 


116 


numerator  greater  than  denominator 

as  a  fraction. 


35 

8 


Criterion:  Correct  mixed  numeral  and  fraction. 

OBJECTIVE  12.2 

a)  To  use  fractions  to  justify  that  a  given  fraction  has  a  -particular 
mixed  numeral. 

b)  To  use  fractions  to  justify  that  a  given  mixed  numeral  has  a 
particular  fraction. 


SOLUTION 


35 

32  3  _ 

43 

8 

8  +  8 

0 

72  _ 

21  2  _ 

23 

73  ' 

3  +  3  ' 

3 

(1)  To  write  a  fraction  with 
as  a  mixed  numeral. 

(2)  To  write  a  mixed  numeral 

Example 

(1)  Write  as  a  mixed  numeral 

(2)  Write  as  a  fraction 


Example 

a)  Use  fractions  to 

b)  Use  fractions  to 
Criterion:  Correct 


22  .  2 

justify  that  the  mixed  numeral  for  —  is  4-^  . 
justify  that  the  fraction  for  S~  is  . 
justif ications . 


SOLUTION 


117 


Section  2.  Mixed  numerals  and  fractions 


145 


1  _ _ _ I _ _ _ l _ _ _ I _ , _ i _ _ _ 1 _ , _ l _ ^  i  .1  .  >  4  1 _ ■ _ 1— 

0  123456789  10  11 

0  2  4  6  8  10  12  14  16  18  19  20  22 

2  22  2  2  2  2  22  222  2 


1.  Write  two  ways  of  naming  the  rational  number  associated  with 
point  B  on  the  number  line. 


The  rational  number  associated  with  point  A  on  the  number  line  above 

19  1 

may  be  named  in  two  ways;  —  or  9-y  .  The  second  of  the  names  is 

l  l  ii 

the  one  often  used  in  everyday  situations;  e.g.  9y  inches,  9—  years,  etc. 


On  the  number  line  subdivided  into  halves,  9—  means  9  whole  divisions 
plus  one  of  the  halves  subdivisions.  This  is  the  same  as  19  sub¬ 
divisions,  each  one  half. 


9-y  is  called  a  mixed  numeral  because  it  contains  both  a  whole  number 
numeral  and  a  fraction. 


9^«-  9^ 

2 ^fraction  2 


9!  = 
z 


4 


whole  number  numeral 


mixed  numeral  meaning 


When  we  get  to  applications  of  rational  numbers  to  answer  questions 
about  everyday  situations  we  will  find  that  mixed  numerals  are  often 
used.  We  will  also  need  to  be  able  to  convert  between  mixed  numerals 
and  fractions  so  let's  see  how  this  is  done. 


Fractions  to  mixed  numerals 


Of  course,  it  is  only  when  the  numerator  of  the  fraction  is  greater 
than  the  denominator  that  this  can  be  done. 


17 

2.  Write  the  mixed  numeral  for  — 


Answers : 


1: 


13 

2 


or 


4 


2:  16  fourths  are  4.  Thus 


17 


4  "4 


4 


±16 


Consider  the  fraction 


39 


In  terms  of  a  number  line  subdivided 
39 


into  fourths,  the  point  corresponding  to  ^  is  39  fourths  subdivisions 
from  the  point  corresponding  to  0. 


L 


L 


± 


1 


39 

A 


L 


-J  l— 


-1 


o 

o 

A 


1 

A 


2 

8 

A 


3 

12 


A 

16 

A 


AAA 

A  fourths  subdivisions 


5  6  7  8  9 

20  2A  28  32_  36 

A  A  A  A  A 

A  fourths  subdivisions 


10 

AO 

A 


11 

AA 

A 


It  takes  A  fourths  subdivisions  to  make  each  whole  division.  How 
many  whole  subdivisions  are  included  in  39  fourths  subdivisions? 
We  find  out  by  dividing  39  by  A. 


9 

A  \39 
36 
3 


39  fourths  subdivisions  is  9  whole  divisions 

and  3  fourths  subdivisions. 

i .  e .  — - —  9y" 

A  A 


This  can  also  he  justified. s  using  fractions 3  as  follows: 

39  36  .  3  _  36  +  4  .  3  9.3  n  .  3  n3 
~4  =  ~4  +  4  =  ~m  +4=7+4  =  9  +  4  =  94 


Let’s  try 


10A 

16 


and  obtain  the  mixed  numeral  for  it. 


First  divide,  to  find  the 
number  of  wholes . 


■  16  ] 10A 

\  96 

8 

But  -r-r  can  be  reduced  to  the 

16  1 
basic  fraction  y 


Thus 


10A 

16 


8 

16 


4 


Justification  using  fractions 


104 

16 


96_  _8_ 

16  16 

96  +  16  8  +  8 


16  +  16 
6 


1 

6 

4 


3.  Write 


100 

8 


as  a  mixed  numeral. 


Mixed  numerals  to  fractions 


This  can  be  done  for  every  mixed  numeral. 


+ 

+ 


16  +  8 
1_ 

2 

1_ 

2 


12  remainder  A 

8  )  100 


a  12—  -  12— 

8  8  2 


Answers:  3 


4.  Write  the  fraction  for  4—  . 


Consider  the  mixed  numeral  . 


i  is> 

147 


i 


4 

12 

3^thl?ds 


_ L 

5 

15 

3 


Each  whole  division  has  3  thirds  subdivisions. 

5  whole  divisions  have  5  x  3  °  15  thirds  subdivisions. 

2 

5j  has  15  thirds  subdivisions  plus  2  more  thirds  subdivisions; 

i.e.  17  thirds  subdivisions. 

on.  cl  17 
Thus  5j  =  — 

This  can  also  he  justified  using  fractions  as  follows: 

2_  _  2_  5  1  =  5x3  ,  ,  £s  17 

6  3  6  *  3  2  3  3x3  3  3  3  3 


Let's  try  4^2  and  obtain  the  fraction  for  it. 


First  multiply  to  find  the  number 
of  twelfths  in  4 
4  is  4  x  12  =  48  twelfths 
4~  is  (48  +  7)  twelfths 


12 


55 

12 


Justification  using  fractions 


12 


4  + 

7 

12 

4  , 

7 

1  + 

12 

4  x 

12 

2  x 

12 

48 

1. 

12 

*r 

55 

12 

12 


_7_ 

12 


g 

5.  Write  the  mixed  numeral  for  9^-  . 

For  a  number  to  be  correctly  named  by  a  mixed  numeral,  the  fraction 
part  must  have  numerator  less  than  denominator. 


3-7-  is  not  written  correctly. 
4 


It  should  be  4- 


Answers:4: 


/  2 

4  is  12  thirds.  Thus  4y 
9  is  9  x  9  =  81  ninths. 


8  89 

—  sa  — 

9  9 


5: 


12  0 


Now  read  OBJECTIVES  B2.1  and  12.2  and  their  examples.  These 
tell  you  what  you  are  expected  to  be  able  to  do  for  this  section. 
When  ready,  turn  to  and  do  CHECK  EXERCISES  2.1  and  2.2. 


12  1 


CHECK  EXERCISE  2 


149 


B2.1  i)  Write  the  following  fractions  as  mixed  numerals: 
37  13 

5  d)  ~ 

1,1  9  ,  16 

b)  4  e)  -q 


a) 


V  11 

c)  T 


ii)  Write  the  following  mixed  numerals  as  fractions: 
3 


a)  1: 

4 

b)  2y 


d)  4 

e)  4 


c)  1 


_8 

11 


12.2  i)  Use  fractions  to  justify  that  the  mixed  numeral  for: 

V  15  ,  -3 

a)  — r  is  3-t- 

4  4 

22  1 

b)  ^y  is  3y 

ii)  Use  fractions  to  justify  that  the  fraction  for: 

x  .3  .  18 

a)  3-  is  -5 

>>)  4  is  f 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

You  were  successful  on  CHECK  EXERCISE  B2.1  if  you  had  at  least 

4  of  the  parts  correct  in  both  2.1  (i)  and  2.1  (ii) . 

You  were  successful  on  CHECK  EXERCISE  12.2  if  you  had  3  of  the 

4  parts  correct  and  all  steps  were  shown. 

-  If  you  are  not  sure  how  to  do  either  of  the  above  CHECK  EXERCISES 
or  if  you  were  unsuccessful  on  CHECK  EXERCISE  B2.1  read  section  2 
and  do  activity  exercise  2.1. 

If  you  were  unsuccessful  on  CHECK  EXERCISE  12.2  read  section  2 
and  do  activity  exercise  2.2. 

-  Otherwise,  go  on  to  section  3. 


1  2  Z 


Activity  Exercise  2.1 


T 


"> 


0 


1 

4 


1 

4 

4 


2 

_8 

4 


9^ 

4 


From  the  number  line,  we  can  see  that  means  2  whole  units  on 

the  number  line  plus  one-quarter  of  the  next  unit.  This  could  be 

written  as  2-r-  ,  which  means  2.  +  7 1  .  2-7-  is  said  to  be  a  mixed 
4  4  4  - 

numeral  as  it  contains  both  a  whole  number  and  a  fraction. 


T^jr-A 


0 


1 

5 


1 

5 

5 


]_ 

5 


2 

10 

5 


13  15  16 

5  5  5 


4 

20 

5 


-> 


22 

5 


On  the  number  line  above  we  see  that 


22 


has  four  whole  units  divided 


2  22  2 
into  fifths  plus  y  of  the  next  unit.  ie.  =  4— 


1.  Using  the  above  number  line,  write  mixed  numerals  for: 


b) 


13 


c) 


16 


5  5 

Of  course  we  do  not  want  to  always  draw  a  number  line  to 
determine  the  mixed  numeral.  We  can  use  the  following  method 
which  involves  division. 

22 

We  can  find  the  mixed  numeral  for  — —  by  dividing  22  by  5. 


_ 4_7 

5  )  22 
20 
2  - 


>4f 

.-n 


Four  whole  units  and  —  of  the  next  unit. 


=  5y  because 


5 

5  V26 
25 
1 


i .  e . 


Similarly  — 


/  2  g 


2. 


Using  the  division  method  write  mixed  numerals  for: 


a) 

b) 

c) 


15 

4 

d) 

31 

6 

17 

e) 

24 

3 

7 

21 

8 


Given  the  mixed  numeral  we  also  want  to  be  able  to  express 
it  as  a  fraction. 

2-^  means  2  +  |  or  2  units  plus  —  of  the  next  unit. 


0 


1 

2 

2 


2 

4 

2 


5 

2 


2  units 


half  of  the  next  unit 
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j_ I  X.  i  ,  .  . 


0  12 

1  2  3  4  5 

2  2  2  2  2 


\  / 

4  halves 


1  half 


3 


This  gives  5  halves  or 


Study  the  following  example  in  which  we  write  a  fraction 

2 

for  the  mixed  numeral  3—  . 


5  fifths  5  fifths  5  fifths  2  fifths 

\  ✓ 

3  lots  of  5  fifths  and  2  fifths 


i.  e. 

(3 

15 

i.  e. 

5 

17 

J.  •  (3  • 

5 

x  5)  fifths  +  2  fifths 


-> 


to|m 


X  '2  v 


3 

3.  Write  a  fraction  for  27-  . 


Again  we  want  to  be  able  to  write  fractions  equivalent  to 
mixed  numerals  without  having  to  draw  a  number  line.  Looking 


at  the  mixed  numeral  3—  we  see  that  it  is  made  up  of  3  and 


To  find  the  number  of  fifths  in  3  we  multiply  3  by  5.  This 


Thus  we  have  15+2  fifths,  i.e.  17  fifths  or  —  . 


? 

To  do  this  quivkly  we  can  think  3—  =  [(5x3)  +  2]  fifths 


=  [15  +  2]  fifths 


17 

5 


4-j  =  [(3x4)  +2]  thirds 


=12+2  thirds 


14 

3 


4.  Write  fractions  for  the  following  mixed  numerals: 


Activity  Exercise  2.2 

We  can  use  fractions  to  justify  that  a  given  fraction  has  a 

particular  mixed  numeral. 

w  1  15  12  ,  3 

For  example:  —r  =  —r  +  7- 


12  t  4  ,  3 

TTT  +  4 


all  these  steps  are 
necessary  for  the 
justification 


Ln|N5 


1.  Write  out  and  complete  the  next  example. 


23 

5 


□  n 

5  +  5 


20 

5 

t  CZj 

□ 

+  3 

CD 

+  5 

□ 

+□ 

c 


(note:  we  want  to  form  two 
fractions  such  that  one  may  be 
simplified  to  a  whole  number 
and  the  other  has  numerator  less 
than  denominator) . 


2.  Justify  that  each  of  the  following  fractions  is  the  given 
mixed  numeral : 

37  1 

a)  —  is  the  mixed  numeral  6—  . 

o  b 

17  2 

b)  — —  is  the  mixed  numeral  . 


We  can  also  use  fractions  to  justify  that  a  given  mixed  numeral 
has  a  particular  fraction. 


For  example: 

4—  =  4  +  — 

3  3 

2 

all  these  steps  are 

1  t  3 

needed  for  the 

4x3.2 

1x33 

justification 

12  ,  2 

3  3 

14 

3 

3. 


Write  out  and  complete  the  following  example. 


3— 

7 


3  xD 
1  *d) 


a 


_5 

7 


(note:  we  want  to  write  the  whole 
number  as  a  fraction  with  the  same 
denominator  as  the  fraction  in  the 
mixed  numeral) . 


1 
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. 


' 


12^ 


OBJECTIVE  B3.1 


To  find  the  sum  of  two  or  more  rational  numbers  named  by  fractions 
or  mixed  numerals. 


Example 

Find  the  sums  and  write  each  as  a  mixed  numeral  with  fraction  part 
as  a  basic  fraction. 


A. 


B. 


4  + 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


SOLUTION 


A. 

4  ■ 

4 

4 

2i  ■ 

2 

+  i 

4 

1  2  3 

B.  +  2-f  +  f 
L  J  4 


_6  ,  9_8 _ 9 

T2  +  212  +  12 


=  7  + 


23 

12 


7  +  l±i 
'  12 

8^ 

12 


OBJECTIVE  13.1 

To  find  the  sum  of  two  or  more  rational  numbers  named  by  fractions 
or  mixed  numerals. 

Example 

Find  the  sums  and  write  each  as  a  mixed  numeral  with  fraction 

part  as  a  basic  fraction. 

1  4  17 

A.  Ij  B.  -+2  +  41+- 

o 

Li 


Criterion:  Method  correct  in  each  excomple  and  no  more  than  one 
error  in  computation. 


1  'Z  9 


OBJECTIVE  B3.2 

To  find  the  difference  of  two  rational  numbers  named  by  fractions 
or  mixed  numerals. 

Example 

Find  the  differences  and  write 
2  2 

A.  3y  -  ly  B. 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


the  fraction  parts  as  basic  fractions. 


OBJECTIVE  13.2 

To  find  the  difference  of  two  rational  numbers  named  by  fractions 
or  mixed  numerals. 

Example 

Find  the  differences  and  write  the  fraction  parts  as  basic  fractions: 


3 

4 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


SOLUTION 


t  „5  n4  ?25  032 

„  .5 

_  20 

_  56 

A'  6 8  "  ^5  640  "  240 

B.  Sj  = 

6  +  Je  = 

S+I6 

-  25  52 

5 

27 

27 

1  40  40 

4 

36 

36 

65  32 

40  40 

• 

J29 

33 

36 

40 

13  1 


Section  3.  Addition  and  Subtraction  involving  rational  numbers  j^g 
named  by  mixed  numerals 


Example  1  Read  through  this  example  and  the  comments 

~\ 

Mixed  numerals  represent  the  sum  of  a  number 
named  by  a  whole  number  numeral  and  a  number 
named  by  a  fraction. 

Add  the  whole  numbers  and  add  the  numbers  named 
by  the  fractions.  The  L.C.D.  is  12. 


3—  +  2— 

4  3 

=  3  +  f  +  2  +  | 

4  V 

1  2' 

—  o  4.  o  +  —  4-  — - 

4  3 

=  5  h - —  +  — 

3  12  12 


=  5  + 


11 

12 


=  5- 


11 

12 


Write  the  result  as  a  mixed  numeral. 


You  can  probably  do  an  example  like 
this  without  writing  down  steps  2,  3  or  5 


/ 


3—  4-  2— 
J4  3 


^  =  5  +  il  +  if 


.11 
*1 2 


Example  2  Read  through  this  example  and  the  comments 

Add  the  whole  numbers  and  add  the  numbers  named 
by  the  fractions.  The  L.C.D.  is  12. 


3  2 

3—  +  2— 

4  3 


9  8 

S  4-  — —  4-  - 

3  12  12; 


5  + 


17 

12 


5  +  1  + 


12 


12 


j 


1.  Find  the  sum: 


is  1  -ry  as  a  mixe8  numeral,  i.e.  14-  yy 

X  Z.  1  4. 


Add  the  whole  numbers. 


5I  4-  1 

"4  6 


5^-  +  - 


5  + 


_9 
12 

5  4. 12. 

J  12 


10 

12 


=  5  + 


1  +  12 


Answer : 


1: 


132 


Example  3 


'=  4  -  1  + 


Read  through  this  example  and  the  comment 


Subtract  the  whole  numbers  and  subtract 
the  numbers  named  by  the  fractions. 

The  L.C.D.  is  6. 


You  can  probably  do  an  example  like  this  without  writing  down 
steps  2,  3  or  5. 


Example  4  Read  through  this  example  and  the  comments 


Sometimes  in  subtraction  it  is  necessary  to  "borrow".  This  happens 
when  the  number  to  be  subtracted  is  greater  than  the  number  it  is 
to  be  subtracted  from. 


4 

3  + 

JN, 

2  + 

2  + 

2  + 

2— 

12 


-1! 

4 

9 

12  ” 

12 

9 

X12 

’  12 

16 

9 

12 

J_ 

12 


12 


Subtract  the  whole  numbers.  When  attempting 

to  subtract  the  numbers  named  by  fractions  we 

9  4 

see  that  -j-J  is  greater  than  • 

"Borrow  1"  from  the  whole  number 


12 


16 

12 


Now  we  can  subtract. 


2.  Subtract: 


6 


Answer : 


5I-  4^ 
8  6 


1  + 


_9 

24 


20 

24 


iJL  20 

24  ”  24 

32  20 

24  "  24 
13 
24 


(addition  may  also  be  done  with  the  numbers  arranged  vertically) . 


Examples  5  and  6  Read  through  these  examples. 

.1 


34  =  3  + 
2-ir  =  2  + 


3 .  Add : 


_3 

12 

_4 

12 


+  4t  "  4  +  if 


9  + 

4 


12 


__9 

10 


L.C.D.  is  12 


Basic  fraction 

9  3 

for  12  is  j 


3— 

4 

.5 

6 

♦4 


3  +i£ 

24 

20 

24 

1  +  21 
24 


4  + 


59 


24 

4  +  2  + 

fill 

624 


24 


i  3  3 

161 


59 

24 


=  2^ 
24 


Example  7  Read  through  this  example 


4. 


-  3- 


32 

11  +  — 
1  24 


3  + 


15 

24 


8  + 


17 

24 


8 


17 

24 


Now  read  Objectives  13.1  and  13.2  and  their  examples.  These  tell 
you  what  you  are  expected  to  be  able  to  do  for  this  section.  When 
ready,  turn  to  and  do  CHECK  EXERCISES  3.1  and  3.2. 


_9 

10 

4 

+  if 


18 
:  20 

2  +  — 
20 


1  + 


8 

20 


3  + 


31 


4: 


20 
3  +  1  + 


11 

20 


4  + 
3  + 


=  3  + 

1-1-3 

+  33 

30 

30 

30 

2A  «  3  + 

24  „  3 

.  24 

30  3  + 

30  3 

+  30 

n 

30 


Answers 


3 


■ 


wo^ 


J  3  V 


CHECK  EXERCISE  3 


162 


13.1  Find  the  sums  and  write  each  as  a  mixed  numeral  with  fractional 
part  as  a  basic  fraction: 


9  3  3 

a)  3jq  +  2 g  +  I4 

b>  4  +  3i +  5  n 

1  3  1 

c)  4±  +  2—  +  2— 

;  3  10  2 


d) 


2if 
♦  1 


e) 


4 

i_ 

3 


+  8 


13.2  Find  the  differences  and  write  the  fractional  parts  as  basic 
fractions : 


8!  -  4if 

b)  -  4 
i7f  -  4 


d) 


91— 

7 

-  39Z 


e) 


45^ 


-  37- 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 
You  are  successful  in  each  CHECK  EXERCISE  if  you  are  using 
the  correct  method  and  have  no  more  than  one  part  incorrect  in 
each  question. 

-  If  you  are  not  sure  how  to  add  mixed  numerals  or  if  you  were 
unsuccessful  with  CHECK  EXERCISE  3.1,  read  section  3  and  do 
Activity  exercises  3*1. 

-  If  you  are  not  sure  how  to  subtract  mixed  numerals  or  if  you 
were  unsuccessful  with  CHECK  EXERCISE  3.2  read  section  3  and 
do  Activity  exercises  3.2. 

-  Otherwise  go  on  to  Section  4. 


Activity  Exercise  3.1 


1  2 

To  add  4—  +  3-r<'/We  first  write  each  mixed  numeral  as  the  sum 


557 
+  4  +  3  + , 


4  +  -jr  +  3  +  of  a  whole  number  and  a  number  named  by  a  fraction 

5  5\ 

1  2  j 

4  +  3  +  -jr  +  —  *^We  add  the  whole  numbers  and  then  the  numbers 

named  by  the  fractions. 

We  write  the  result 


155 


1 .  Add  5  j  +  3y 


Carefully  read  through  the  following  examples  and  comments: 

a>*2f  +  4  +  3f 

3  3  5 

=  2+f+5+f+3+f 

8  4  6 


3  3  5 

■  2  +  5  +  3  +  8  +  4  +  6 

U  24  24  24 


in  order  to  add  the  numbers  named 
by  fractions  we  need  to  express 
them  with  their  L.C.D.  of  24. 


47 

*=  10  +  ^ 

23 

-  10  + 

=  10  +  1  +  |v 

24 


47  23 

the  mixed  numeral  for  ■=-/-  is  Ittt 

24  24 


=  11  + 

*  1 1  23 
*=  11 — - 
24 


23 

24 


expressed  as  a  mixed  numeral 


*  When  doing  such  an  example  you  would  probably  only  need  to 
write  down  the  lines  marked  with  an  *. 

b)  *  5|+6j 

-  11  +  W 

*=  n  +  \ 

6  6 

*"  11  +  I 

=  11  +  1+1- 
-  6 

*=  124 


L.C.D.  is  6 

8  2 

—  is  the  mixed  numeral  1— 
6  3 


*"  12  3* 


2  1 

7-  is  the  basic  fraction  — 
6  3 


Note:  Always  express  the  mixed  numeral  with  a  BASIC  FRACTION. 


2.  Add  the  following: 

9  4 

a)  3-jg  +  4y 

b)  11^  +  ie|-  + 

17  5 

c)  y—  +  3—  +  4— 

x4  8  6 


d) 


2— 

2 

3 

5 

+  1i 


e) 


2f 

4 

3 

*Io 


Activity  Exercise  3.2 


13  € 


(2  +  j) 

5  _  3 
7  7 


subtract  whole  numbers  and  numbers 
named  by  fractions. 


express  as  a  mixed  numeral 


164 


1. 


Find  the  difference: 

A  A 

In  order  to  subtract 
with  their  L.C.D. 


Thus 


7—  _  si 

4  ^3 

7-5+| 

2+! 

4 


7^-5^-  we  need  to  express  the  fractions 

(You  can  do  several  steps  at  once.) 
jj-  fractions  expressed  with  L.C.D.  of  8. 

expressed  as  a  mixed  numeral. 


2.  Find  the  difference: 


Here  is  another  example: 


27i 


'4 


27 


♦i 


—  18  +  7* 
6 


We  have  expressed  the  fractions  in  the  mixed  numerals  with  common 

5  2 

denominators.  But  we  find  we  cannot  subtract  7-  from  —  .  It  is 

6  6 

too  big.  Thus  we  must  "borrow"  one  from  the  whole  number. 

27+1  =  26  +  I+7- 

6  6 

=  26  +  I7- 

6 

=  26+7- 

6 

5  8 

Now  we  can  subtract  —  from  7-  . 


We  have 


1  5  7 


27—  = 
3 


-  18" 


2 

27  +  -I 
6 

18+1- 


26  +  f 

6 

18+|- 
_ D_ 

s  +  ! 

4 


a  mixed  numeral  with  a  basic 
fraction. 


3.  Find  the  differences  of  the  following  and  write  the  fractions 


as 

basic  fractions. 

a) 

4-4  d) 

'  *2 

16 

e)  8lf 

b) 

4—  -  3— 

4  16 

-  3  i 

4 

-  5  — 
7 

c) 

5^-2— 

^  8 

-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Read  objectives  13.1  and  13.2. 

-  If  you  feel  you  are  ready,  do  CHECK  EXERCISE  3A. 


CHECK  EXERCISE  3A 


13.1  Find  the  sums  and  write  each  as  a  mixed  numeral  with  fraction 


as 

a  basic  fraction: 

a) 

4 +  7i§ +  4 

d)  4| 

e)  hr 

b) 

4  +  1+4 

4 

4 

c) 

3Z  +  5Z  +  2— 

9  6  4 

+  4 

+  8-^- 
12 

Find  the 

diff 

a) 

1 

1 

24 

b) 

4- 

2— 

12 

c) 

x4- 

155 

erences  and  express  the  fractions  as  basic  fractions 


e) 


13— 

6 


-  12 


11 

12 


13.2 


138 


Check  your  answers  with  those  given  at  the  end  of  the  topic. 

You  are  successful  if  you  use  the  correct  method  and  you  have 
no  more  than  one  part  incorrect  in  each  CHECK  EXERCISE. 

If  you  are  not  sure  how  to  add  or  subtract  rational  numbers 
named  by  mixed  numerals,  or  if  you  were  unsuccessful  on  either 
CHECK  EXERCISE,  check  reference  book  Modern  School  Mathematics, 
pp  346,  347  or  ask  a  student  helper 
or  ask  your  teacher. 

Otherwise,  go  on  to  section  4. 


166 


. 


5" 


Summary 
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Section  1 

| 

Addition  and  subtraction  of  rational  numbers  named  by  fractions 
is  usually  done  by  obtaining  equivalent  fractions  with  least  common 
denominators  and  then  adding  or  subtracting  the  numerators.  Answers 
are  given  as  basic  fractions. 


Section  2 


A  mixed  numeral  contains  a  whole  number  numeral  and  a  fraction. 


Each  mixed  numeral  has  a 

corresponding  fraction 

4—  =  (4  x  8)  +  3  eighths 

=  35  eighths 
35 
8 


AND 


Each  fraction  with  numerator 
greater  than  denominator  has 
a  corresponding  mixed  numeral 


35 

8 


=  8  )  35 


=  4— 
8 


Section  3 

-  V 

In  addition  (or  subtraction)  of  rational  numbers  named  by 
mixed  numerals,  the  whole  numbers  are  added  (or  subtracted)  and 
the  numbers  named  by  the  fractions  are  added  (or  subtracted) . 

Section  4 

A  solution  for  a  condition  for  equality  is  a  number,  which 
when  put  in  place  of  the  variable,  makes  the  condition  a  true 
statement . 

Conditions  for  equality  involving  addition  (or  subtraction) 
of  rational  numbers  are  solved  by  finding  (related  conditions 
with  the  variable  alone  on  one  side . 

Section  5 

Addition  and  subtraction  of  rational  numbers  are  used  to 
answer  questions  about  every  day  situations.  Most  examples  are 
done  by  (.1)  finding  the  relationship  between  what  is  asked  and 
what  is  given. 

(2)  obtaining  the  relationship  in  mathematical  form  and 
doing  the  indicated  mathematical  work  to  get  a 
mathematical  answer. 

(3)  Using  the  mathematical  answer  to  answer  the  original 
question . 


2  2  6 


Section  6 


£  f  —  =  a  x  c 

b  d  b  x  d 


Section  7 

Multiplication  of  rational  numbers  is  done  as  follows: 

—  —  -  a  x  c 
b  X  d  b  x  d 

When  mixed  numerals  or  whole  numbers  are  involved,  their 
corresponding  fractions  are  used.  Answers  are  given  as  basic 
fractions .  Reduction  to  basic  fractions  is  done  by  dividing 
numerator  and  denominator  by  their  common  factors  (cancelling) . 


Section  8 


The  reciprocal  of  a  number  is  another  number  whose  product 
with  the  given  number  is  1. 

The  reciprocal  of  a  non-zero  rational  number  is  obtained  by 
interchanging  the  numerator  and  denominator  of  the  fraction  for  the 
rational  number. 

Zero  has  no  reciprocal. 


Section  9 

To  divide  by  a  non-zero  rational  number,  you  multiply  by 
its  reciprocal. 

a  .  c  a  d 
b  "  d  b  X  c 

It  is  not  possible  to  divide  by  0. 


Section  10 

Conditions  for  equality  involving  multiplication  of  rational 
numbers  can  often  be  solved  by  finding  related  conditions  involving 
division  of  rational  numbers  with  the  variable  alone  on  one  side. 

Also,  in  conditions  for  equality  in  which  the  variable  is  multiplied 
by  a  number,  the  variable  can  be  obtained  alone  on  one  side  by 
multiplying  both  sides  by  the  reciprocal  of  the  number  by  which  the 


variable  is  multiplied. 


Section  11 


To  answer  questions  from  everyday  situations  by  mathematics  10 
we  usually  find  the  relationship  between  what  is  asked  for  and 
what  is  given.  The  mathematical  form  of  this  relationship  is 
called  the  mathematical  model  for  the  situation.  The  mathematical 
model  is  often  a  condition  for  equality.  The  solution  for  this 
condition  for  equality  is  used  to  answer  the  original  question. 

Section  12 

The  rational  numbers  are  closed  for  addition  and  multiplication. 
Addition  and  multiplication  of  rational  numbers  are  commutative 
and  associative . 

0  and  1  are  the  identities  for  addition  and  multiplication 
respectively  of  rational  numbers. 

Multiplication  of  rational  numbers  is  distributive  over 
addition.  Non-zero  rational  numbers  have  reciprocals .  This  is 
a  property  of  rational  numbers  which  whole  numbers  do  not  have. 


£;?  8 


Vocabulary 
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analyse  -  with  respect  to  a  question  about  an  every  day  situation 
it  means  to  find  the  relationship  between  what  is  asked 
for  and  what  is  given.  (page  )  (section  5,  p  2) 

application  -  use  of  mathematics  to  answer  a  question  about  an 

everyday  situation,  (page  )  (section  5,p  1) 
associative  -  the  property  of  an  operation  which  permits  a  change 

in  the  grouping  of  the  numbers  to  not  affect  the 
result  (page  )  (section  12, p  1) 

binary  -  a  binary  operation  is  done  with  just  two  numbers  at  a 
time.  (page  )  (section  12,  p  4) 

to  divide  numerator  and  denominator  of  a  fraction  by  a 
common  factor.  (page  )  (section  7,  p  3) 

the  property  of  an  operation  which  states  that  the 
number  resulting  from  the  operation  is  in  the  same  set 
as  the  numbers  the  operation  is  done  with,  (page  ) 
(section  12,  p  1) 

commutative  -  the  property  of  an  operation  which  permits  a  change 

in  the  order  of  the  numbers  to  not  affect  the  result, 
(page  )  (section  12,  p  1) 
complex  fraction  -  a  fraction  like  3  which  represents 


cancel  - 


closed 


2 

3 


3 

4 


2 

3_ 

3 

4 


condition  for  equality  -  a  mathematical  statement  involving  a 

variable  and  the  =  symbol,  (page  ) 
(section  4,  p  1) 

difference  -  the  result  of  a  subtraction.  (page  )  (section  1, 

Objectives) 

distributive  -  a  property  of  multiplication  and  addition  of  numbers 

(page  )  (section  12,  p  1) 

L.C.D.  -  least  common  denominator.  (page  )  (section  1,  p  2) 
mixed  numeral  -  a  numeral  involving  a  whole  number  numeral  and 

a  fraction.  (page  )  (section  2,  p  1) 


z  z  e 


model  -  the  mathematical  form  for  a  relationship.  (page  ) 

(section  11,  p  1) 

operation  -  addition,  subtraction,  multiplication  and  division 

are  examples  of  operations.  (page  )  (Introduction) 
product  -  the  result  of  a  multiplication.  (page  )  (section  7,  p  1) 
property  -  a  characteristic  or  quality.  (page  )  (section  12,  p  1) 
quotient  -  the  result  of  a  division. 

reciprocal  -  a  number  whose  product  with  a  given  number  is  1. 

(page  )  (section  8,  P  1) 

related  condition  -  a  condition  with  the  same  solution  as  the 

given  condition.  (page  )  (section  4,  p  1) 
replacement  set  -  the  set  of  numbers  which  a  variable  can  represent; 

same  as  universe.  (page  )  (section  4,  p  1) 
solution  -  a  number  which  makes  a  condition  a  true  statement. 

(page  )  (section  4,  p  1) 

solve  -  the  process  of  finding  the  solution  to  a  condition  or 
problem.  (page  )  (section  4,  p  1) 
sum  -  the  result  of  an  addition.  (page  )  (section  4,  p  1) 
universe  -  the  set  of  numbers  which  a  variable  can  represent; 

same  as  replacement  set.  (page  )  (section  4,  p  1) 
variable  -  a  letter  which  can  represent  any  of  the  numbers  in 
a  given  set.  (page  )  (section  4,  p  1) 
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Solutions 

CHECK  EXERCISE  1 

T1  ,  .  67  ,  v  95  ,  31 
H*1  ^  50  b)  48  c)  15 


11.2  a) 


,  x  _3. .  5 

b)  10  c)  18 


Topic  2  Phase  I 


-  41  .77 

^  20  e)  30 
27  .  11 

d)  40  e)  12 
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Activity  exercise  1.1 
1  a)  f-  b)i)  \  ii)  \  iii)  ii  iv)  | 


.  s  71  .  187 

1V)  63  V)  ~70 


d>i)  f  ii)  yf 


c)i)f  ii)f 
47 


iii) 


44 

15 


iii)  e)i)  2  ii)  f 


.,..53  .  .23  .9 

liJ->  40  iv)l5  V)  4 


Activity  exercise  1.2 
a)  i)  |  ii)  j  iii)  § 
c)  i)  ii)  \  iii)  \ 


b)i)TT  iii) 


15  24 

.  v  1  .  43 

iv)  12  V)  35 


35 


CHECK  EXERCISE  1A 


U.l  a)  |  b) 


11.2  a) 


b) 


71 

100 

c) 

7 

12 

d) 

5 

6 

e) 

23 

24 

3 

10 

c) 

7 

24 

d) 

5 

48 

e) 

3 

10 

CHECK  EXERCISE  2 


B2.1  i) 

a)  7y  b)  c)  3j  d)  ly  e)  ly 

ii) 

v  7  .  v  19  .19  ,v  40  .  43 

a)  4  b)  7  c)  n  d)  9  e)  g 

12.2  i) 

,15  12  3  .  ,  22 

a)  T  "  -+4  b)  T 

21  1 

7  7 

12  v  4  3 

21  r  7  ,  1 

4*44 

=  7  f  7  +  7 

3  +  3 

.  3  +  1 

"  I+4 

1  +  7 

„  3  +  3 

=  3  +  TT 

=  33 

4 

■4 

12. 2ii)  a)  3j 


=  3 


♦! 


3  +  3 
1  5 

3x5 
1x5 
15  ,  3 
~5  +  5 


+  4- 


18 

5 


b)  2± 


4 


i  +£ 
2x4 
1x4 


+  i 


i  +  i 

4  4 

9 

4 


Activity  Exercise  2.1 


1 . a)  1-f-  b)  2f-  c)  3-=-  2a)  3f-  b)  c)  2^  d)  5f  e)  3# 


3 .  a) 


'5 

11 


4. a) 


8 

27  11  x  11  21  »  25 

—  b)  —  c)  —=r  d)  —r  e)  —r 


Activity  Exercise  2.2. 


1. 


23 


20  ,  3 

T  +  5 

20  \  5  _3 

5  t  5  +  5 

M 
4  +  ! 

4 


2.a)  31 


36  ,  1 

“6  +  6 

36  v  6  1 

6*66 

1  6 

6  +  i 

4 


2.b)  ^ 


4 +  i 

3  3 

15  f  3  ,  2 
TTT+3 

T  +  f 

5  +  f 
4 


3. 


3A 

7 


♦f 


2 

l 

3 


x 


1  x 
21 


7 

7 


♦f 


7  +  7 


26 

7 


4. a)  2f 


=  2 


T  + 


3 

4 

2x4 

1x4 

—  +  — 
4  4 

11 

4 


2 

4 


b) 


*8 


6  + 


6 

1 

6 


8 


+  f 


x  8 


1  x 
48 


8+t 


8  +l 


53 

8 


23  2 


CHECK  EXERCISE  2A 


B2.1  i)  a)  2j|  b)  2if.  C)  2^ 


...  .29  ,.47 

n)  a)  —  b)  — 


12.2  i)  a) 


8 

28 

3 


27  1 

T+  3 

27  ~  3  1 
3  v  3  3 

f  4 

9  +  i 

4 


<0  if  e)  3j 


52  ax  23 
c)  15  d)  12 


e) 


125 

22 


b)  ~  = 


18  2 
9  9 

18  *9.2 
9  t  9  9 

M 
2  +  f 
2f 


ii)  a)  8- 


-«♦! 

b)  7f  = 

7  +  f 

44 

es 

r  +  f 

_  8  X  6  5 

7x4 

1  X  6  '  6 

1x4 

;  48  _5 

8= 

28  3 

6  6 

4  4 

53 

31 

6 

4 

4 


CHECK  EXERCISE  3 


15  d)  7f  e)  17lf 


13.1  a)  b)  13-—  c) 

13.2  a)  b)  c)  12g  d)  51jg  e)  7jJ 


Activity  Exercise  3.1 

1.  8f  2a)  8“  b)  33§ 


23  3  33 

c)  15||  d)  4|  e)  11^ 


Activity  Exercise  3.2 

1*  3f  2*  315  3>a')  1l6  °')  16  270 


CHECK  EXERCISE  3A 


13.1  a)  13j  b)  15~ 


c)  12||  d)  12ff 

11 


e)  10lfi 


174 


11 


13 


£33 


CHECK  EXERCISE  4 

14.1  a)  p  =  ■—  b)  a  =  c)  n  =  j  d)  b  -  12-|y  e)  a  =  7yy 
Activity  Exercise  4.1 

l.a)  n  =  3y  b)  b  =  2^j  .  2a)  a  =  5yi  b)  b  =  l|- 

CHECK  EXERCISE  4 A 

14.1  a)  r  =  1—  b)  b  =  4j  c)  y  =  6-|y  d)  a  =  15yy  e)  n  =  5j| 
CHECK  EXERCISE  5 

15.1  1.  2  miles  2.  35-x-  miles  3.  1-rr-  feet  4.  3^-  hours 

o  Iz  3 


Activity  Exercise  5 
103 


1. 


120 

CHECK  EXERCISE  5A 


2.  12  -r-r  inches 
lb 


85 

3‘  *16  inches  4  .  ,4  y^-  inches 


15.1  1 .  lyy  hours 


2.  12-2  inches 


15  13 

3.  7-yr  inches  4.  up  2 points 


CHECK  EXERCISE  6 
16.1  i) 


y  of  region 


2  ,  5 

i o£  y 


Review  Exercises  Topic  II 
Operations  with  rational  numbers 


176 


2  39 


You  have  completed  the  study  of  Topic  II.  It  would  be  nice 
to  know  just  how  much  you  have  learned  in  this  topic.  To  do  this 
you  take  a  test,  but  before  you  take  the  test  you  should  carefully 
review  what  you  were  expected  to  learn.  To  help  you  with  this 
review  we  have  prepared  a  set  of  exercises.  If  you  have  difficulty 
with  any  one  of  the  exercises  you  should  go  back  and  review  the 
appropriate  objective  (pink  pages)  and  its  development  (white  pages). 
The  appropriate  object ive(s)  for  each  exercise  is  (are)  shown  in 
the  left  margin  next  to  the  exercise. 


II. 1  Find  the  sums  and  write  each 

as  a  basic  fraction: 
a  7  ,  2  ,  2 
A-  9+I+3 


B. 


_7 

10 

1 

5 

_5 

12 

1 


11.2  Find  the  differences  for  the  following  and  write  each  as  a 


basic  fraction: 
_9  _  3 
10  4 


A. 


B.  12 
_3 
"  10 


12.1  A.  Write  a  mixed  numeral  for  each  of  the  following  fractions 


i) 


83 


ii) 


257_ 

8 


B.  Write  the  following  mixed  numerals  as  fractions: 


i) 


ii) 


43  -3 

A.  Justify  that  the  mixed  numeral  for  -g  is  ( 


8 


4  39 

B.  Justify  that  the  fraction  for  7y  is  . 


12.2 


2VO 


13.1  Find  the  following  sums  and  write  the  fractional  part  as  a 
basic  fraction: 

A-  3? +  2i +  +  4  B- 


3 

32— 
J  8 


16i 

+  15^ 
6 


13.2  Find  the  following  differences  and  write  the  fractional  part 


as  a  basic  fraction: 
A.  4  B.  4y§ 

-  3— 

8 


7_ 

9 


14.1  Solve  each  condition  and  write  the  fractions  in  the  solutions 
as  basic  fractions: 

A.  3-r  =  n  +  I-7-  B.  n  - 


10 


4 


15.1  John  went  on  a  hike.  He  covered  a  total  distance  of 

miles .  Yet  when  he  came  home  he  declared  that  he  had  walked 
2 

only  1—  miles.  When  questioned  about  this  statement  he  said 
J  25 

that  he  had  run  777  mile.  Was  John  correct  when  he  said  that 

248 

he  had  walked  1-j  miles? 


•J  *4 

16.1  Show  by  diagrams  how  you  can  obtain  of  —  . 


17.1  Find  the  basic  fraction  for  each  product: 

a  49  27  55 

A.  7 -r  x  —  x  —  B. 


_  14 

3  X  —X  By 


18.1  i)  Give  an  example  that  illustrates  the  property  which  a 
number  and  its  reciprocal  have, 
ii)  What  is  the  reciprocal  of  1? 

iii)  Write  a  whole  number  other  than  one  and  give  its  reciprocal, 
iv)  Give  the  rational  number  that  has  no  reciprocal  and  explain 
why  it  has  no  reciprocal. 


19.1  Find  the  quotients  of  the  following  pairs  of  rational  numbers: 
A.  7y  4  3yf-  B.  2± 

3— 

J5 


173 


19.2  Explain  in  terms  of  reciprocals  why  — -  v  0  is  not  possible. 


110. 1 


Solve  each  of  the  following  conditions: 

A-  ■  4  >•  4  =  2^n 


111.1  A.  A  dealer  bought  a  motor  bike  for  $1200.  He  added  — 

of  this  cost  to  determine  his  selling  price.  What  was 
his  selling  price? 

B.  Two  sides  of  a  triangular  flower  bed  are  1—  yards  and 

3  3 

2^-  yards  long.  The  perimeter  of  the  flower  bed  is  8 

yards.  What  is  the  length  of  the  third  side? 

C.  An  inch  is  about  2—  centimeters.  How  many  inches  are 

1  Z 

there  in  267-  centimeters? 

4 

112.1  Give  a  numerical  example  which  illustrates  what  is  meant  by 
each  of  the  following  statements,  (one  example  for  each) 

(a)  the  set  of  rational  numbers  is  closed  under  addition. 

(b)  addition  of  rational  numbers  is  commutative. 

(c)  addition  of  rational  numbers  is  associative. 

(d)  the  set  of  rational  numbers  has  an  identity  element 
for  addition. 


112.2  Show  what  is  meant  by  each  of  the  following  statements  by 
giving  a  numerical  example  for  each. 

(a)  the  set  of  rational  numbers  is  closed  under  multiplication. 

(b)  multiplication  of  rational  numbers  is  commutative. 

(c)  multiplication  of  rational  numbers  is  associative. 

(d)  the  set  of  rational  numbers  has  an  identity  element 
for  multiplication. 

(e)  rational  numbers  have  the  property  that  multiplication 
is  distributive  over  addition. 

(f)  every  non-zero  rational  number  has  a  reciprocal. 

112.3  (a)  State  a  property  of  multiplication  of  rational  numbers 

which  the  whole  numbers  do  not  have  for  multiplication. 

(b)  Give  an  example  to  illustrate  this  property  of  the  rational 

numbers  and  one  to  show  that  the  whole  numbers  do  not  have  it. 


, 


. 


‘24Z 


Answers 

to 

Review 

Exercises 

Topic 

II 

11. 1 

A  51 

45 

B. 

109 

60 

11.2 

A 

20 

B. 

7 

60 

B2.1 

A.  i)  13-I-  ; 
b 

ii) 

32— 

J  8 

B.  i) 

33 

T  ; 

ii) 

12.2 

A  ^-  =  ^  + 
8  8 

3 

8 

B.  4 

=  7  + 

4 

5 

40  t 

8 

,  3 

„  7 

4 

8  i 

8 

f  8 

1  + 

5 

=  f  + 

3 

7  x 

5  , 

8 

'  1  X 

5  ' 

=  5  +  8 
=  5^- 


123 

8 


35  +  4 
5  5 


39 

5 


4 

5 


179 


13.2  A.  4 


14.1  A.  n  =  2 


14— 

8 

B.  64±f- 

B-  3f 

456 

35 


B .  n  = 


31_ 

40 


15.1  Yes 

16.1 


XX 

\'  X. 

S/V 

V/ 

V/\ 

i 

3  -  4 

4  °f  5 


X 

i 

X 

X 

X 

X; 

X 

X 

X 

X 

V 

X1 

3  -  4  12 

4  °f  5  =  20 


17.1  A.  y 


.  18  .3 

B.  —  or  3j 


3  4 

18.1  i)  —  x  —  =  1  any  fraction  can  be  used  to  illustrate  this  property 

ii)  1 

iii)  can  be  any  whole  number,  i.e.  17  ,y y  . 

iv)  0  has  no  reciprocal;  0  =  y  and  there  is  no  number  by 
which  y  can  be  multiplied  to  give  1,  for  y  times  any 
number  is  0. 

OR.  The  reciprocal  of  y  is  y  ,  but  y  has  no  meaning 
since  we  cannot  divide  by  0. 


243 


19.1 


19.2 


A. 

_7_ 

12 


12  _  9i 

5  5 


B‘  f 


t  0  can  be  solved  by  converting  to  the  corresponding 
multiplication  and  get  jy  x  y  *  but  y  does  not  exist  and 


hence  we  cannot  get  the  multiplication  example, 
the  division  is  not  possible. 


Therefore 


110. 1  A.  a 


_9 

10 


B-  n  =  I 


111.1  A.  selling  price  is  $1400 


B.  3yy  yards; 


C.  10y  inches 


112.1  Examples  which  show  the  same  ideas  as: 

a)  \  v  =  rr  and  is  a  rational  number. 
5  /  35  35 


m3  ,  5 
b)  5  +  7 


1+3 
7  5 


,  /3  a.  5,  .  7  3  ,  .5  ,  7. 

c)  (5  +  7}  +  8  "  5  +  (7  +  8} 

3  3 

d) f+0  =  f 


112.2  Examples  which  show  the  same  ideas  as: 

3  5  3  3 

a)  y  x  y  =  y  and  y  is  a  rational  number. 

,,  3  5  5  3 

b) 5X7  =  7X5 

X  ,3  5,  7 

C)  (y  X  y)  X  -  ■ 

3  ,  3 

d)  5  x  1  =  j 


3  ,5  7* 

J  x  (yij) 


,3  ,5  7,  .3  5,  /3  7, 

e)  J  x  ( J  +  y)  “  (y  X  y)  +  (y  X  y) 

3  5 

f)  reciprocal  of  y  is  y. 


112.3  a)  A  statement  which  gives  the  same  idea  as:  Every  non¬ 
zero  rational  number  has  a  reciprocal. 

b)  Examples  which  show  the  same  idea  as: 

3  5  3  5 

y  and  y  are  reciprocals  for  y  x  y  =  1. 

3  has  no  reciprocal  for  there  exists  no  whole  number 
by  which  you  can  multiply  3  and  get  one  as  an  answer 


TOPIC  II  (OPERATIONS  WITH  RATIONAL  NUMBERS) 
PHASE  II 
BASIC  LEVEL 


Students  who  achieved  less  than  half  of  the  objectives  in 
Phase  I  are  given  this  material.  It  is  prepared  to  let  you  work 
at  the  level  of  difficulty  which  suits  you.  Using  it  will  help 
you  prepare  for  the  next  test. 

On  the  next  test,  you  will  be  expected  to  answer  only  those 
questions  which  relate  to  BASIC  objectives  that  you  did  not  achieve 
on  the  test  you  have  just  written.  If  you  achieved  an  INTERMEDIATE 
objective,  you  will  not  have  to  work  on  the  basic  objective  with  the 
same  number,  (For  example,  if  you  got  the  question  relating  to 
objective  13.2  correct  on  the  first  test,  then  you  have  already 
achieved  objective  B3.2). 

Use  your  record  page  to  tell  you  which  objectives  you  have 
not  yet  achieved.  Use  your  new  flow  chart  to  guide  you  through 
Phase  II  and  to  keep  a  record  of  what  you  have  done.  Use  the 
objectives  in  phase  I  materials  to  help  you  know  what  you  have 
to  learn.  Use  the  following  activities  and  exercises  to  practice 


your  skills  for  the  objectives  you  have  not  achieved. 


2B1 


BASIC  LEVEL 

OBJECTIVE  B1 

For  each  of  the  objectives  in  section  1  that  you  did  not 
achieve  do  the  following: 

-  Read  the  objective  and  the  corresponding  description. 

-  Do  the  appropriate  exercises  and  CHECK  EXERCISES  on  these  pages. 


Bl.l  Addition  of  rational  numbers  named  by  fractions. 


30  _9 

18  18 

47_ 

18 


To  do  the  addition  at  the  left: 

(1)  Find  the  least  (smallest)  number  which  3, 

2  and  9  divide  into;  i.e.  the  least  common 
multiple  of  3,  2  and  9.  It  is  18.  This 
is  the  least  common  denominator.  (L.C.D.) 

(2)  For  each  fraction,  find  an  equivalent  fraction 
with  the  common  denominator  of  18. 

5  »  5  x  6  30.  1  1  x  9  _9 .  4  =  4x2  _  _8 

3  3  3  x  6  =  18*  2  °  2  x  9  =  18*  9  9x2  18 

(3)  Add  the  numerators. 


Find  the  following  sums,  and  write  each  as  a  basic  fraction: 


1. 


2. 


3. 


4. 


5. 


(remember  to  find  the  least  common  denominator 


for  each  fraction  and  to 
with  this  L.C.D.) 

(You  must  find  the  L.C.D. 


form  equivalent  fractions 
for  all  three  fractions) . 


3 

4 


B1.2  Subtraction  of  rational  numbers  named  by  fractions. 


5  _3 

6  “  10 


25  __9 

30  “  30 


To  do  the  subtraction  at  the  left: 

(1)  Find  the  least  (smallest)  number  which  6  and  10 
divide  into;  i.e.  the  least  common  multiple  of 
6  and  10.  It  is  30.  This  is  the  least  common 
denominator . 

(2)  For  each  fraction,  find  an  equivalent  fraction 
with  the  common  denominator  of  30. 

5  5  x  5  _  25.  3  _  3  x  3  _  9 

6  "  6  x  5  =  30;  10  =10  x  3  =  30 


ZS2 


16 

30 

_8 

15 


(3)  Subtract  the  numerators. 
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(4)  Give  the  answer  as  a  basic  fraction. 


Find  the  differences,  and  write  each  as  a  basic  fraction: 

_1  (remember  to  find  the  least  common  denominator 

3  for  each  fraction  and  to  form  equivalent  fractions 
each  with  this  denominator.) 

.3  (Again  the  L.C.D.  must  be  found  before  subtracting). 

4 

-A  5 

12  6-  i  = 

5  ? 


6 

-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Do  the  required  parts  in  CHECK  EXERCISE  Bl. 

CHECK  EXERCISE  Bl 

Bl. 1  Find  the  sums  and  write  each  as  a  basic  fraction: 


B1.2  Find  the  differences  and  write  each  as  a  basic  fraction: 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

You  were  successful  on  CHECK  EXERCISE 

Bl.l  if  you  had  at  least  4  of  the  5  parts  correct. 

Bl . 2  if  you  had  at  least  4  of  the  5  parts  correct. 

-  If  you  are  not  certain  how  to  add  or  subtract  rational  numbers, 

or  if  you  were  unsuccessful  on  a  CHECK  EXERCISE,  consult  your  teacher 
T  hen  do  the  appropriate  exercises  that  follow. 

-  Otherwise,  go  on  to  your  next  unachieved  objective. 
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EXERCISES  B1 

Bl.l  Find  the  sums  and  write  each  as  a  basic  fraction: 


B1.2  Find  the  differences  and  write  each  as  a  basic  fraction: 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Go  on  to  your  next  unachieved  objective. 


OBJECTIVE  B2 


-  Read  objective  B2.1  and  its  description  in  section  2. 

-  Do  the  following  exercises. 
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1.  Write  the  following  fractions  as  mixed  numerals: 


s  10 

a)  -y 


b)  T 


c) 


11 

8 


22 

d>T 

v  5 
e)  2 


(remember  :-y  =  +  y  =  3  +  -j  = 


or 


3  TTo 


i.e.  3j 


,  u  11  9  ,  2 

(remember:  —  =  —  +  —  = 

-J  n 

rem.  2 


or 


3  nr 

f) 

g) 


i.e.  3j 


15 

4 

33 

10 


2.  Write  the  following  mixed  numerals  as  fractions: 

o  3  +  —  =  —  +  —  = 

2  2  2  2  - 


a) 

4 

(remember: 

A.  , 
°r  37  -  3 

b) 

4 

(remember: 

A 

or  2—  =  2 

c) 

4 

£)  3y 

d) 

4 

g)  if 

e) 

4 

A 

'5 


_1 

2 


4 

5 


]_ 

2  ) 


2  +  — 
5 


10 


14 

5 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Do  CHECK  EXERCISE  B2. 


CHECK  EXERCISE  B2 

B2.1  i)  Write  the  following  mixed  numerals  as  fractions: 


a)  3§ 

b)  if 

C)  7k 
2 


d)  4 

e)  af 


28  5 


B2.1  ii)  Write  the  following  fractions  as  mixed  numerals: 


\  11 
a)  — 

d)if 

hx  15 
b)  ^ 

,  25 
c)  ~ 

-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  If  you  are  unsure  how  to  do  the  above  exercises  or  if  you  had 
more  than  one  part  incorrect  in  either  question  (i)  or  question 
(ii);  consult  your  teacher.  Then  do  the  following  exercises. 

-  Otherwise,  go  on  to  your  next  unachieved  objective. 


EXERCISES  B2 

B2.1  i)  Write  the  following  mixed  numerals  as  fractions: 


a)  3|  d) 

b>  *15  e)  4 


ii)  Write  the  following  fractions  as  mixed  numerals: 


a) 

b) 

c) 


25 

8 

11 

6 

8 

3 


d) 

e) 


19 

7 

14 

5 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Go  on  to  your  next  unachieved  objective. 


2BG 


OBJECTIVE  B3 
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For  each  of  the  objectives  in  section  3  that  you  did  not  achieve, 
do  the  following: 

-  Read  the  objective  and  corresponding  description. 

-  Do  the  appropriate  exercises  and  CHECK  EXERCISES. 

B3.1  Find  the  sums  and  write  each  as  a  mixed  numeral  with  fractional 
part  as  a  basic  fraction: 


a) 


% 
+  2i 


(Remember :  1-r  =  7  +  7- 


+  2i 


2  +  i 

9  +  f 


> 


b)  yf  +  4| 


(Remember:  1-^  +  4y  =  7  +  -^  +  4  +  — 

= 11  + 1 

=  11  + 


112 

c)  ^+5^+93 

d)  a|  +  iaf  +  3^ 

e)  yi  +  5f  +  2l| 


f) 


12 

9  — 
2 


g) 


16 

14 1 


+  17 


8 


+  3 


8 


B3.2  Find  the  differences  and  write  each  as  a  mixed  numeral  with 
fractional  part  as  a  basic  fraction. 

a) 


si 


5  +  12 


_2  „  + 
-  2—  =  -2 
3 


b)  4  -  2f 


3  + 

(5-2) 


3 

2  +  -  I 

2  +  — 

2— 

Z2 
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c) 


d)  Uj  e)  19j  -  12j 

-  13j  f)  9  -  5y 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Do  the  required  parts  in  CHECK  EXERCISE  B3. 


CHECK  EXERCISE  B3 

B3.1  Find  the  sums  and  write  each  as  a  mixed  numeral  with 
fractional  part  as  a  basic  fraction: 


2  3  5 

a)  6f  +  4f  +  5f 

b)  lo|  +  af 

4  3  3 

c>  75  +  84  +  2lt 


d)  17± 

4 

+  4 


e) 


+ 


B3.2  Find  the  differences  and  write  each  as  a  mixed  numeral 
with  fractional  part  as  a  basic  fraction: 

a)  4  -  3|  d)  4 

b)  4-4  zlf 

c)  17f  -  4 


-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 
You  were  successful  on  CHECK  EXERCISE 

B3.1  if  you  had  at  least  4  of  the  parts  correct, 

B3.2  if  you  had  at  least  4  of  the  parts  correct. 

-  If  you  are  unsure  how  to  add  or  subtract  with  mixed  numerals, 
or  if  you  were  unsuccessful  on  either  CHECK  EXERCISE;  consult 
your  teacher.  Then  do  the  appropriate  exercise  that  follows. 

-  Otherwise,  go  on  to  your  next  unachieved  objective. 
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EXERCISES  B3 
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B3.1  Find  the  sums  and  write  each  as  a  mixed  numeral  with  fractional 


part  as  a  basic  fraction. 


a)  3^+4+  7f 

<0  Ilf 

e)  22  | 

b>  4 +  7! +  i2f 

4 

2  3  S 

c)  7f  +  Ilf  +  s| 

+  7f 

+  4i 

Find  the  differences 

and  write  each 

as  a  mixed  numeral 

with  fractional  part  as  a  basic  fraction. 

a)  6§  -  2f  d)  e)  sf 

b)  8^  -  3-j  -  3j  -  z| 

c)  15|  "  ’ll 

-  Check  your  answers  with  those  given  at  the  end  of  the  topic. 

-  Go  on  to  your  next  unachieved  objective. 
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OBJECTIVE  BA 

-  Read  objective  B4.1  and  the  corresponding  description. 

-  Do  the  following  exercises. 


B4.1  Solution  of  conditions  for  equality  in  which  the  universe 
or  replacement  set  for  the  variable  is  the  set  of  rational 
numbers . 


+  n  =  5j 

5^-3— 
J  5 


n 


2  + 
1  + 


_5 

15 

20 

15 


12 

15 

12 

15 


(1) 

(2) 


=  1- 


8 


‘15 
Check: 


4 +  l-n  (3) 
,  ,  12  .  8 
4  +  15  +I5 

4  +  20 

15 

5 

^15 


Solution: 


_8 

15 


(4) 


To  solve  the  condition  at  the  left: 

form  the  corresponding  condition  involving 
subtraction. 

do  the  subtraction. 


check  the  solution  by  replacing  n. 


Give  the  solution. 


Solve  the  following  conditions  of  equality  and  write  fractions 
in  solutions  as  basic  fractions.  The  universe  or  replacement 
set  for  each  variable  is  the  set  of  rational  numbers. 


4  3 

a)  7~  +  n  =  8^- 

n  =  ft3  -.4 

84  -  75 

=  14-  4- 

20  ^ 


D 

20 


16 

20 


Check: 


form  the  corresponding  condition 
involving  subtraction. 


Solution: 


2827 


Answers 

OBJECTIVE  B1 


Bl.l 

,19  9  35 

12  18 

7  ^ 

16 

3  &- 
24 

,  53 
4-  36 

5  **  6 
5t  28  6* 

12 

20 

10 

*  20* 

15.  37 
20’  20 

B1.2 

1  —  2  — 
12  20 

3 

24 

5-i?  6- 

5 

8* 

4 

8’: 

1  7-f 

CHECK 

EXERCISE  B1 

Bl.l 

*  17  u  81 

a)  8  b)  20 

c)  24 

d)  if 

\  8 
e)  y 

B1.2 

a)  12  b)  8 

c)  18 

d)  12 

,  19 

e)  To 

EXERCISES  B.l 

Bl.l 

V  23  .  v  37 

a)  12  b)  24 

*  27 
C)  16 

d>i 

v  51 
e)  24 

B1.2 

\  2  ,  V  1 

a)  5  b)  g 

C)  20 

d>4 

e)l2 

OBJECTIVE  B2 

B2.1 

1.  a)  3y  b) 

3f 

4  d> 

4  e)  4 

f) 

3— 

J4 

2.  a)  f 


,  v  14  N  5  20  .  15 

b)  —  c)  -  d)  —  e)  — 


8) 


11 

8 


CHECK  EXERCISE  B2 
17 


B2.1  i)  a) 

ii)  a)  2 


b) 

b)  ll 


v  5 

O  j 

c)  6y 


d) 


24 


d>  4 


v  13 
e)  — 

e>  4 


EXERCISES  B2 


B2.1  i)  a)  y  b) 


ii)  a)  3 


8 


53 
10 

b)  if 


c) 


13 

10 


C)  2§ 


j  \  17 
d)  ~ 

d)  2y 


e) 


11 


e)  2-j 


OBJECTIVE  B3 
B3.1  a)  9-  b)  12-j 

B3.2  a)  — »  12*  3l2 


C)  20|| 

M  5  2 
b)  4  *  4 


d)  26 


20 


e)  15 

c)  xf  d)  1Io 


e) 


f)  31 

11 
14 


n 

24 


g)  22^ 


f)  3: 


CHECK  EXERCISE  B3 

B3.1  a)  17^  b)  17j  c)  18^ 


<1)  27y  e)  6jf 


D  ^  1  - 


191 


7 


7 


2628 


EXERCISES  B3 

B3.1  a)  15j|  b)  28%  c)  27-||  d)  27^-  e)  32| 

B3.2  a)  4^  b)  4^  c)  sff  d)  4^  e)  2^ 

OBJECTIVE  B4 

_/«  v  16  oc  N  J2  A.  4  1  05  >.  _3 

B4.1  a)  20>  35;  n  =  20  b)  23  +  *6’  6  +  6;  n  =  ®6  c)  n  =  28 

d)  n  =  24|  e)  n  =  3^i  f)  n  =  14^ 

CHECK  EXERCISE  B4 

B4.1  a)  n  =  16^-  b)  n  -  1—  c)  n  =  d)  n  =  2-^j  e)  n  =  5j 


EXERCISES  B4 

B4.1  a)  n  =  7y  b)  n  =  29^r  c)  n  =  2-|jj  d)  n  =  1-|-  e)  n  =  14j 
OBJECTIVE  B5 


B5.1  a) 

,  5 

n  "  3 16  + 

13 

*16 

+  -A  _5  +  13 
16*  16  16 

+  JL  i  £ 
16’  16’ 

o_3. 

*16’ 

3 

inches. 

b) 

29 

497—lbs. 

c) 

4I(J  8al* 

4 hr- 

.  3 
e)  8 

inch  f)  2-3-  oz 

0 

CHECK  EXERCISE  B5 

B5.1  a)  14|  lb.  b)  6^  yd.  c)  lo|  in.  d)  9^  in.  e)  |  mi. 
EXERCISES  B5 

B5.1  a)  |  mi.  b)  3~  lb.  c)  |-  lb.  d)  ljj  lb.  e)  3-^j 


OBJECTIVE  B7 
1 


B7.1  a) 


5 

e)  6 


b) 


2x9 


3x1’ 
f)  33 


c) 


CHECK  EXERCISE  B7 


B7.1  a)  jj 


g>  14 


b)  l\ 


13  x  3.  1 
9  x  13;  3 


d) 


3  x  16 


h>  | 


4>  4 


c)  3  d)  45  e)  36 


4  x 

j)  21 


1— 
9’  3 


TOPIC  II  (OPERATIONS  WITH  RATIONAL  NUMBERS) 
PHASE  II 

INTERMEDIATE  LEVEL 


Students  who  achieved  between  half  and  nine  tenths  (90%) 
of  the  objectives  in  Phase  I  are  given  these  materials. 

Your  job  now  is  to  master  all  of  the  objectives  that  you 
have  missed. 

On  the  next  test,  you  will  be  expected  to  answer  only  those 
questions  which  are  related  to  objectives  that  you  did  not  achieve 
on  the  first  test. 

Use  your  record  page  to  tell  you  which  objectives  you  need 
to  work  on. 

Use  your  flow  chart  to  guide  you  through  Phase  II  and  to  show 
what  you  have  done  in  Phase  I.  You  may  want  to  do  some  of 
the  parts  you  left  out  during  Phase  I. 

Use  your  phase  I  materials  to  relearn  the  ideas  for  objectives 
you  have  not  achieved  and  to  give  you  examples  of  the  type 
of  questions  you  need  to  be  able  to  answer. 

Use  these  exercises  to  practice  your  skills  so  that  you  will 


be  able  to  achieve  all  of  the  objectives. 
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INTERMEDIATE  LEVEL 

For  each  of  the  objectives  you  did  not  achieve  on  Post  Test  I, 
do  the  appropriate  exercises  and  check  your  answers  with  those 
given  at  the  end  of  the  topic.  Review  the  appropriate  material 
in  Phase  I  before  starting  each  exercise. 

OBJECTIVE  II. 1 

Find  the  following  sums  and  write  each  as  a  basic  fraction: 


,  5  ,  3  ,  4 
a)  6  +  4  +  5 

d)  1 

e>  if 

3  12 

b>  7  +  I  +  f 

5 

3 

12 

20 

,  5  ,  5  ,  5 

C)  8  +  6  +  9 

-if 

+  f 

OBJECTIVE  11.2 

Find  the  differences  and  write 

each  as  a  basic  fraction: 

.  8  3 

a)  9  “  5 

j  \  14 
d)  25 

e)  24 

M  4  i 

b)  U  "  7 

4 

3 

15 

16 

\  9  3 

c)  16  20 

-  - 

OBJECTIVE  B2.1 

i)  Write  the  following  mixed 

numerals  as  fractions: 

\  ,i 
a)  3j 

d)  4 

b)  5—^ - 

e)  7f 

%  i 3 

c)  J-j 

ii)  Write  the  following  fractions  as  mixed  numerals: 


x  25 

a)  T 

j  \  19 
d)  ~ 

V.  \  11 
b)  "6 

,  34 
e)  ~5 

v  28 

C)  "3 

1 


) 


2IZ 


OBJECTIVE  15.1 

Solve  the  following  applied  problems: 


195 


a)  Carol  worked  as  a  babysitter  one  summer.  During  one  week  she 

12  4 

worked  3y  hours  on  Monday,  4-r-  hours  on  Tuesday,  2—  hours  on 

Z  1  3  3  ^ 

Wednesday,  5y  hours  on  Saturday  and  3yy  hours  on  Sunday.  How 

many  hours  did  Carol  work  during  the  week? 

2 

b)  Four  sections  of  a  highway  totaling  15^- miles  are  to  be  built. 

1  3  1 

Three  of  the  sections  measure  3-r-,  5~r  and  5-r  miles.  What  is  the 

A  J  o 

length  of  the  fourth  section? 

3 

c)  John,  who  weighed  135t-  pounds,  went  on  a  diet.  After  the  first 

2  4 

week  he  lost  2—  pounds.  However,  during  the  second  week  he  gained 
2  J 

1—  pounds.  How  much  did  he  weigh  at  the  end  of  the  second  week? 


d)  A  group  of  scouts  joined  short  lengths  of  rope  together  in  order 
to  descend  a  steep  bank.  The  lengths  measured  3y  ft.,  Mt. 

3  A  5 

18  inches,  and  4-5-  ft.  How  many  feet  long  was  the  joined  rope? 

O 

(Allow  1  foot  for  the  knots.) 


e)  George  and  Bill  leave  their  respective  homes,  3—  miles  apart, 

3  ** 

planning  to  meet  half-way.  George  walked  y  of  a  Qrlle  then 
stopped  to  chat  with  a  friend.  He  was  still  talking  when  Bill 
stopped  for  a  bottle  of  pop  ly  miles  from  his  home.  How  far 
apart  were  the  boys  when  they  both  stopped? 


OBJECTIVE  16.1 


a) 

b) 


Show  by  diagrams  how  j  of 

4 

Show  by  diagrams  how  y  of 


t  can  be  obtained. 
4 


can  be  obtained. 


OBJECTIVE  17.1 


Find  the  following  products: 


a) 

b) 

c) 


8  f  77 

9  °f  ?8 

1  <=  Jl 

8  °f  21 

14  a 

19  X  *7  X 


d)  15  X  222  X  23 

.  a  a  4  Q 

e)  2^  x  3 y  x  27  x  3 


ZZ3 


OBJECTIVE  12.2 


i)  a)  Use  fractions  to  justify  that 
b)  Use  fractions  to  justify  that 

ii)  a)  Use  fractions  to  justify  that 
b)  Use  fractions  to  justify  that 

OBJECTIVE  13.1 


33  5 

the  mixed  numeral  for  —  is  4y. 

25  1 

the  mixed  numeral  for  —  is  8—. 


2  37 

the  fraction  for  5y  is  — . 
the  fraction  for  by  is  ^y. 


Find  the  following  sums  and  write  each  as 
fractional  part  a  basic  fraction: 


a) 

2  3  4 

q±.  +  i3_  +  7— 

*3  4  5 

d) 

7 

**10 

b) 

7  3  7 

12tu  +  19i+7n 

12tj 

c) 

4it  +  17t +  10if 

+ 

2i 

OBJECTIVE  13.2 


a  mixed  numeral  with 


e) 


Find  the  differences  and  write  the  fraction  parts  of  the  mixed 
numerals  as  basic  fractions: 


a)  3 9 

d>  82f 

e)  12§ 

b)  .  3| 

-  3— 

16 

11 

12 

c)  7  -  4f 

OBJECTIVE  14.1 

Solve  the  following  conditions  of  equality.  The  universe  or 
replacement  set  for  each  variable  is  the  set  of  rational  numbers. 


a) 

7  3 

3-3-  =  n  +  2f 

9  4 

d) 

12— 

15 

=  a  -  9y 

b) 

1 1  ,  ,1 

X6  +  P  =  48 

e) 

A3 

64  = 

-j  2 

7  3  -  Z 

c) 

m"4lf  -  17f 

2Z7 


Answers 


OBJECTIVE  II. 1 


a) 


143 

60 


b) 


67_ 

42 


c) 


145 

72 


d) 


179 

180 


OBJECTIVE  11.2 
13  ,  N  17 


a) 


45 


b) 


77 


c) 


33 

80 


-  22 
d)  75 


\  25 
e)  48 


47 


OBJECTIVE  B2.1 

n  *  ]_  ..  53  .  11  17  x 

D  a)  2  b)  1Q  c)  g  d)  4  e)  ^ 

ii)  a)  3y  b)  l|  c)  9y  d)  2y  e)  6^ 


OBJECTIVE  12.2 

1)a)33=285=455 
J  J  7  7  7  17  H  7 

,  .  25  _  24  1  _  8  ,  1  _1 

b)  ~J-~J+2~T+3:=  8  +  3 

ii)  a)  5y=5+y  =  —  +  y  =  — 
b)  6y-  6  +  y-—  +y  =  — 


4 

4 
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OBJECTIVE  13.1 

a)  31i  b>  404  c)  32ifi  d>  21i  e>  17i 


OBJECTIVE  13.2 

v  25  .  17  x  03  ,v  .37  x  nl25 

136  b‘)  718  C‘)  25  A48  e)  1X36 


OBJECTIVE  14.1 

x  .  1  „23  N  0, 125  ,x  0016  x  11 

a)  n  =  lyg-  b)  p  =  2yjr  c)m  =  21-^yy  d)  a  =  22—  e)  z  = 


‘45 


12 


OBJECTIVE  15.1 

a)  19||  hr.  b)  if  mi.  c)  134||  lb.  d)  ll^f  ft.  e)  iff  miles 


'24 


OBJECTIVE  16.1 


Z1 8 


OBJECTIVE  17.1 

a)  7  b)  4  c)  5^  d)  16  e)  3y 

b  2  ' 

OBJECTIVE  18.1 

i)  The  product  of  a  given  number  and  its  reciprocal  is  one. 

11)  a)  |  b)  \  c)  1  d)  2  e)  I 

iii)  Zero  does  not  have  a  reciprocal  as  there  is  no  number  which 
multiplied  by  0  gives  a  product  of  1. 


OBJECTIVE  19.1 

a)  4y  b)  45  c)  3y  d)  e)  0  f)  24  g)  y 


OBJECTIVE  19.2 


as 


'-r  t  is  not  possible/jto  divide,  we  replace  the  division  by  multiplication 
by  the  reciprocal  of  the  divisor,  and  y  does  NOT  have  a  reciprocal. 


OBJECTIVE  110. 1 

a)  m  =  22  b)  p  =  2y  c)  q  =  2~  d)  n  =  lyy  e)  a  =  1-||- 
OBJECTIVE  111.1 

a)  9  bags  b)  260  mi.  c)  4yy  d)  5  cups 

e)  dollars  f)  3y 


OBJECTIVE  112.1 

12  1  12  1 
a)i+(f  +  i>  =  (W)+i 


2  .  1 

b)  5  +  5 

c)  y  +  0 


3 

5 

2 

5 


j\  3,11,3 
d)4+3“3+4 


OBJECTIVE  112.2 


or  any  similar 
answers 


i)  a)  commutative  b)  associative  c)  identity  d)  every  non¬ 
zero  rational  number  has  a  reciprocal  e)  closure  f)  zero 
product . 

ii)  distributive  property  of  multiplication  over  addition. 


OBJECTIVE  112.3 

i)  every  non-zero  rational  number  has  a  reciprocal, 
ii)  5  x  _  =1  -  there  is  no  number  to  multiply  by  5  to  get  a  product  of  1. 


TOPIC  II  (OPERATIONS  WITH  RATIONAL  NUMBERS) 


199 


PHASE  II 
ADVANCED  LEVEL 


Students  who  achieved  nine  tenths  (90%)  or  more  of  the 
objectives  for  Phase  I  are  given  this  material. 

First,  check  your  record  page.  If  you  missed  any  of  the 
objectives  there,  go  back  through  the  materials  and  relearn  the 
proper  sections.  You  will  be  expected  to  answer  the  questions 
that  relate  to  those  objectives  on  the  next  test. 

In  this  packet,  there  are  several  new  objectives  that  you 
will  be  asked  to  achieve.  Since  there  are  only  a  few  of  these 
objectives,  they  have  been  collected  at  the  beginning  of  the  section. 
You  should  find  them  more  interesting  and  challenging  than  the 
phase  I  objectives.  You  will  be  expected  to  answer  questions  on 
these  objectives  on  the  next  test. 
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OBJECTIVE  A1 


To  state  the  definition  of  a  non-negative  rational  number. 

Criterion:  Statement  to  include  the  same  ideas  as: 

"A  non-negative  rational  number  is  a  number  named  by 

a  fraction  of  the  form  7-  where  a  is  a  whole  number 

b 

and  b  is  a  non-zero  whole  number." 


OBJECTIVE  A2 


To  write  the  definitions  for  addition  and  subtraction  of  rational 
numbers  named  by  fractions. 


Criterion:  Statements  including  the  same  ideas  as: 

Si  c 

"For  any  rational  numbers  7-  and  -r  , 

b  a 

a_  £  ad  +  be 
b  d  “  bd 

c_  _  ad  -  be  „ 
b  ”  d  bd  * 


OBJECTIVE  A3 

To  write  the  definition  for  multiplication  of  rational  numbers 
named  by  fractions. 

Criterion:  Statement  including  the  same  ideas  as: 

Si  C 

For  any  rational  numbers  r-  and  -r  , 

b  a 

—  £  _  ££  n 

b  X  d  "  bd  * 

OBJECTIVE  A4 

To  write  the  definition  for  division  of  rational  numbers  named  by  fractions. 

Criterion:  Statement  including  the  same  ideas  as: 

"For  any  rational  numbers  —  and  -r  Or  +  0) 

b  da 

a  .  £  _  a  <i 

b  *  d  b  X  c 


2RZ 


OBJECTIVE  A5 
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To  write  the  statements  or  reasons  which  complete  the  proof  of 
a  given  property  of  operations  for  rational  numbers. 

Example: 

For  each  of  the  numbered  spaces  in  the  proof  below  write  the 
statement  or  reason  which  is  missing. 

Prove  that  addition  of  rational  numbers  is  commutative: 

ci  C 

Let  —  and  —  be  any  rational  numbers. 


Proof : 


Statement 


Reason 


Definition  of  addition  of  rational 


da  4-  cb 
db 


numbers 


Addition  of  whole  numbers  is  commutative 


© 


i.e.  Addition  of  rational  numbers  is  commutative. 


Criterion:  75%  of  computations  correct. 


SOLUTION 


ad  +  be 
bd 


(jD  Multiplication  of  rational  numbers  is  commutative 
(3)  cb  +  da 

Q)  Definition  of  addition  of  rational  numbers. 
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OBJECTIVE  A6 

To  use  the  distributive  property  to  obtain  products  of  rational 
numbers . 


Example 

a)  Show  how  the  distributive  property  may  be  used  to  simplify 

,2  2*  J  2N 

(3  X  I5  (3  X 

b)  Show  how  the  distributive  property  may  be  used  to  find  the  product 

1  a2 

2x83 

c)  Find  the  following  product  without  changing  the  mixed  numerals 

to  fractions:  ^1 


x  8^- 

o-j 


Criterion:  Method  correct  in  each  example  and  no  more  than  one 
error  in  computation. 


SOLUTION 


1.  DEFINITION  FOR  RATIONAL  NUMBERS 
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In  mathematics,  a  definition  is  a  statement  which  tells 
precisely  what  something  means. 

In  this  section  we  will  see  the  definition  for  rational  numbers. 

You  have  seen  that  each  rational  number  is  associated  with 
an  infinite  set  of  equivalent  fractions  each  of  which  has  the  form 
—  where  a  is  a  whole  number  and  b  is  a  non-zero  whole  number  (or 
natural  number). 

e.g.  The  rational  number  two  thirds  is  associated  with  the  infinite 
set  of  fractions  {j,  -|,  j|,  ...} 

This  gives  us  a  way  of  defining  rational  numbers  as  follows: 

A  rational  number  is  a  number  named  by  a  fraction  of  the  form  — 

where  a  is  a  whole  number  and  b  is  a  non-zero  whole  number. 

This  defines  the  sort  of  rational  number  which  we  have  been 
using.  That  is,  0  and  the  rational  numbers  associated  with  points 
to  the  right  of  the  point  associated  with  0  on  the  number  line. 

Z _ 1 _ , _ I _ 1 _ I - 1 - 1 - ! — v 

N  0  12  3  4 

2  3  6  17 

3  2  2  5 

There  are  however  rational  numbers  associated  with  points 

to  the  left  of  the  point  associated  with  0  on  the  number  line. 

Some  of  these  are  shown  below. 

—i - 1 - 1 - 1 - j - 1 - k - . - 1 - ■ - - - — ) 

-2-10123  ' 

6_  3  2 

'  3  “  2  3 

Note  the  symbols  used  for  these  new  rational  numbers. 

The  two  types  of  rational  numbers  are  distinguished  by  calling 
those  associated  with  points  to  the  right  of  the  point  associated  with 
0  the  POSITIVE  RATIONAL  NUMBERS  and  those  associated  with  points  to 
the  left  of  the  point  associated  with  0  the  NEGATIVE  RATIONAL  NUMBERS. 
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You  will  learn  more  about  the  negative  rational  numbers  later. 

0  is  neither  a  positive  rational  number  nor  a  negative  rational 
number . 

0  and  the  positive  rational  numbers  make  up  a  set  called  the 
set  of  non-negative  rational  numbers  (i.e.  the  rational  numbers  which 
are  not  negative) . 

The  set  of  rational  numbers  we  defined  earlier  is  actually 
this  set  of  non-negative  rational  numbers. 


2.  DEFINITIONS  FOR  ADDITION  AND  SUBTRACTION  OF  RATIONAL  NUMBERS 

In  this  section  we  will  give  definitions  of  addition  and 
subtraction  of  rational  numbers  named  by  fractions;  i.e.  mathematical 
statements  which  give  precisely  the  meaning  of  addition  and  subtraction 
of  rational  numbers  named  by  fractions. 

Apart  from  stating  precisely  what  something  means,  a  definition 
is  a  general  statement  which  represents  all  possible  particular 
instances  of  the  thing  being  defined. 

Let's  see  how  the  above  ideas  relate  to  addition  and  subtraction 
of  rational  numbers. 

The  definitions  for  addition  and  subtraction  of  rational 
numbers  named  by  fractions  are: 

cL  C 

"For  any  rational  numbers  —  and 

a,  c_  _  ad  +  be 

b  d  bd 

—  —  ad  ~  be  „ 

b  “  d  bd 

Note:  ad  means  a  x  d,  be  means  b  x  c  and  bd  means  b  x  d.  Pairs  of 
letters  written  together  as  in  the  definitions  indicate 
multiplication. 

These  may  not  look  quite  like  the  addition  or  subtraction  we 
did  in  SECTION  1,  however,  they  are  general  statements  and  do  give 
the  result  for  any  addition  or  subtraction  example. 


I 
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2,05, 


1. 


2. 


5  2 

Check  that  the  sum  of  —  and  —  is  the  same  by  the  definition 
and  by  the  common  denominator  method. 

Check  that  the  difference  of  and  is  the  same  by  the  definition 
and  by  the  common  denominator  method. 


Using  the  definition,  you  may  not  get  the  result  as  a  basic 
fraction.  However ,  a  fraction  and  its  equivalent  basic  fraction 
do  name  the  same  rational  number. 

Either  the  definition,  or  the  common  denominator  method  can 
be  used  to  find  the  sum  or  difference  of  two  rational  numbers. 

We  usually  use  the  common  denominator  method  (least  common  denominator 
in  fact) .  However  this  method  cannot  be  readily  stated  in  the  form 
of  a  general  definition. 


3.  DEFINITION  OF  MULTIPLICATION  OF  RATIONAL  NUMBERS 


The  definition  for  multiplication  of  rational  numbers  named  by 
fractions  is  as  given  in  OBJECTIVE  A7.1. 

As  with  the  definitions  for  addition  and  subtraction  of  rational 
numbers  named  by  fractions,  the  product  may  not  be  a  basic  fraction. 
However,  we  saw  in  SECTION  7  how  the  product  can  be  reduced  to  a 
basic  fraction. 


Answers : 


5,  2_  =  5  x  5  +  6  x  2  =  25  +  12  =  37 
6  +  5  6x5  "  30  30 

5,  2_  25  12  =  37 

6  5  "  30  30  30 

5  3  5  x  4  -  6  x  3  20-18_2_l 

2‘  6  “  4  =  6x4  24  24  12 

1_3.  10  _  _9  =  _i 

6  4  “  12  12  12 


4.  DEFINITION  OF  DIVISION  OF  RATIONAL  NUMBERS 


The  definition  for  division  of  rational  numbers  named  by 
fractions  is  as  given  in  OBJECTIVE  A9.1.  Note  the  condition  that 
the  divisor  cannot  be  zero  since  we  cannot  divide  by  0. 


5.  PROVING  PROPERTIES  OF  OPERATIONS  WITH  RATIONAL  NUMBERS 

In  SECTION  12,  we  used  examples  to  check  that  various  properties 
of  addition  and  multiplication  of  rational  numbers  named  by  fractions 
held. 

We  can  in  fact  prove  that  these  properties  hold  by  using 

(1)  our  knowledge  of  the  properties  of  addition  and 

multiplication  of  whole  numbers  (stated  in  SECTION  12) 
and  (2)  the  definitions  for  addition  and  multiplication  of  rational 

numbers  named  by  fractions  (stated  in  OBJECTIVES  Al.l  and  A7.1). 

Let's  see  how  two  of  the  properties  can  be  proved.  Then  you 
can  complete  the  proofs  of  the  others. 

I  Prove  that  addition  of  rational  numbers  is  associative. 

3.  C  6 

Let  »  "d  *  Y  any  rational  numbers. 


Prove: 
Proof : 


I  Cv  .63,  /C  ,  eN 

<b  +  s0  + 1  b  +  (i + 1 } 


Statement 


(£  +  £)+£  _  (ad  +  be)  e 

vb  i* 1  f  bd  f 

(ad  +  bc)f  +  (bd)e 

(bd)f 

f(ad  -I-  be)  4-  (bd)e 
(bd)f 

{f(ad)  +  f(bc)}  +  (bd)e 

(bd)f 

{ (ad)f  +  (bc)f }  +  (bd) e 

(bd)f 

(ad)f  +  (be) f  +  (bd)e 

(bd)f 

adf  +  bef  +  bde 
bdf 


Reason 


definition  of  addition 

definition  of  addition 

Mult,  of  whole  numbers 
is  commutative 
distributive  property 
for  whole  numbers 
Mult,  of  whole  numbers 
is  commutative 
Add.  of  whole  numbers 
is  associative 
Mult,  of  whole  numbers 
is  associative. 


Comment 


(bd)e  means  (b  x  d)xe 
Change  of  order. 


Change  of  order. 

Grouping  for  additior 
does  not  matter. 

Grouping  for 
multiplication  does 
not  matter. 
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—  +  (cf  +  de) 

b  df 

a(df)  +  b(cf  -f  de) 

b  (df  ) 

a(df)  -f  {b(cf)  +  b  (de) } 

b  (df  ) 

a(df)  +  b(cf)  +  bde 

b  (df  ) 

adf  4-  bcf  +  bde 
bdf 


definition  of  addition 
definition  of  addition 

distributive  property 
for  whole  numbers. 

Add.  of  whole  numbers 
is  associative. 

Mult,  of  whole  numbers 
is  associative. 
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. .  Addition  of  rational  numbers  is  associative. 


The  last  line 
in  each  set  of 
equalities  is  the 
same. 

is  an  abbreviation 
for  'therefore*. 
However,  it  is  never 
used  in  an  English 
sentence. 


A  proof,  as  you  see  above,  is  a  sequence  of  statements  for  each 


of  which  a  reason  is  given.  Proofs  can  often  be  conveniently  given 
in  two  column  form.  The  first  column  gives  the  statements;  the 


second  column  gives  the  reasons  for  the  statement. 


In  our  proof  above,  the  reasons  used  are  the  definition  of  addition 
for  rational  numbers  and  the  properties  of  operations  for  whole 
numbers. 


II  Prove  that  1  is  the  identity  for  multiplication  of  rational 
numbers . 

Let  —  be  any  rational  number. 

n  a  -  a 

Prove:  —  x  1  =  — 
b  b 


Proof : 

Statement 

Reason 

a  i 

b x  1 

-  j  is  another  name  for  1. 

_  a  1 

b  X  1  ^ 

definition  of  multiplication 

a  x  1 

b  x  1 

a 

1  is  the  identity  for  multipli 

b 

whole  numbers. 

1  is  the  identity  for  multiplication  of  rational  numbers. 


Now  turn  to  and  do  the  activities  on  the  following  pages. 


, 


' 
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SECTION  5  -  ACTIVITY 

Each  of  the  following  is  a  proof  for  one  of  the  properties 
of  operations  with  rational  numbers.  In  these  proofs,  certain 
statements  or  reasons  have  been  omitted  and  left  for  you  to  give. 
Each  place  where  something  has  been  omitted  is  marked  with  an  * 
and  numbered.  Write  your  answers  in  your  workbook,  NOT  on  these 
pages.  At  the  end  of  each  proof,  check  the  answers  you  gave  with 
the  answers  given  at  the  end  of  the  advanced  work.  If  you  cannot 
see  why  a  particular  answer  is  given,  ask  another  person  in  the 
A  group  or  ask  your  teacher. 

The  symbol  means  "therefore". 


1.  Prove  that  the  rational  numbers  are  closed  for  addition. 


Si  c 

Let  —  and  -r  be  any  rational  numbers, 
b  u 

Si  c 

Prove:  —  +  —  is  a  rational  number, 
b  a 


Proof : 


Statement 


a  e 
—  +  — 
b  d 

ad  +  be 

bd 

ad  and  be  are  whole  numbers 
(ad  +  be)  is  a  whole  number 
bd  is  a  non-zero  whole  number 
*  ad  +  be 


bd 


is  a  rational  number 


Si  c 

i.e.  —  +  —  is  a  rational  number 
b  d 

i.e.  The  rational  numbers  are 
closed  for  addition. 


Reason 


Comment 


Definition  of  addition 
of  rational  numbers 
Whole  numbers  are 
closed  for  multiplication 

*1 


Here  we  make 
use  of  properties 
of  whole  numbers. 


b  ^  0,  and _ *2 


Definition  of  rational 
number . 


This  comes  from 
the  first  two 
lines  in  the 
proof . 


zfno 


2.  Prove  that  the  rational  numbers  are  closed  for  multiplication. 

cl  C 

Let  —  and  —  be  any  rational  numbers. 

cL  C 

Prove:  —  x  —  is  a  rational  number. 


Proof : 


Statement 

Reason 

Comment 

a  c 

b  X  d 

ac 

*3 

bd 

ac  means  axe 

ac  is  a  whole  number 

*4 

*5 

b^O,  d^O,  and  whole 

The  denominator 

numbers  are  closed 

must  be  non-zero. 

*"•  is  a  rational  number, 

bd 

i.e.  x  -j  is  a  rational 

for  multiplication. 

*6 

This  comes  from  the 

b  q  , 

number . 

first  two  lines  of 

i.e.  The  rational  numbers  are 

the  proof. 

closed  for  multiplication. 

3.  Prove  that  multiplication  of  rational  numbers  is  commutative. 

cl  C 

Let  and  —  be  any  rational  numbers. 

„  a  c  c  a 

Prove:  —  x  —  =  —  x  — 
b  d  d  b 

Proof : 


Statement 


ac 

bd 


ca 

db 


*8 


a  c  c  a 

77  x  —  =  —  x  — 

b  d  d  b 


i.  e. 


Reason 


Definition  of  multi¬ 
plication  of  rational 
numbers 

_ *7 

Definition  of  multi- 
plication  of  rational'" 
numbers . 


*9 


The  order  is 
changed . 

Here  the  definition 
of  multiplication  of 
rational  numbers  is 
used  in  the  reverse 
direction  to  its  use 
in  the  first  two  lines 
of  the  proof. 
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4.  Prove  that  addition  of  rational  numbers  is  commutative. 


cl 

Let  —  and  -j-  be  any  rational  numbers. 


Prove: 


Proof : 


210 


Statement 


da  +  cb 
db 


Reason 


*10 


Definition  of  addition 
of  rational  numbers. 

*11 


Comment 


This  property  is 
used  three  times  here. 


*12 


Addition  of  whole  numbers 

is  cummutative. 


*13 


/.  _ =  _*  *14 

i.e.  Addition  of  rational 
numbers  is  commutative 


5.  Prove  that  multiplication  of  rational  numbers  is  associative. 

3  0  0 

Let  —  ,  t  and  —  be  any  rational  numbers, 
b  d  t 

„  ,a  cN  e  a  ,c  eN 

Prove:  x  j)  *  J  “  ^  x  j) 

Proof : 


Statement 


Reason 


,acN  e 

=  W  x  i 


*15 


(ac)  e 
(bd)  f 


Definition  of  multipli¬ 
cation  of  rational 
numbers . 


(  ) 

(  ) 

,cd 


*16 


*18 


Mult,  of  whole  numbers 
is  associative. 

*17 


Definition  of  mult, 
of  rational  numbers 


a  ,c  ex 

b  X  (d  X  P 


i.e. 


*19 


Comment 


The  definition  is 
used  twice  here. 


The  grouping  is 
changed. 


2fil2 


Note:  In  proof  I  on  page  of  the  description  we  proved  that 

addition  of  rational  numbers  is  associative. 


6.  Prove  that  0  is  the  identity  for  addition  of  rational  numbers. 

Let  —  be  any  rational  number. 

_  a  ,  _  a 

Prove:  —  +  0  =  — 
b  b 

Proof : 


Statement 


a  x  1  +  b  x  0 
b  x  1 

- - -  *21 

a_ 

b 


Reason 


_ *20 

1  is  the  identity  for 
mult,  of  whole  numbers 
and  b  x  0  ■  0 

*22 


Comment 


j  is  another  name 
for  0. 


Another  property  of 
whole  numbers. 


.*.  _  *23 

i.e.  0  is  the  identity  for 
addition  of  rational  numbers. 


7.  Prove  that  multiplication  is  distributive  over  addition  of  rational 


numbers . 

3.  C  0 

Let  — >  -r,  and  —  be  any  rational  numbers, 

b  d  i 

3  /C  ,  0v  /3  Gv  i  0\ 

Prove:  p  (^  +  j)  = 


Proof : 


Statement 

Reason 

a  /c  e. 

b  x  (J  +  ? : ' 

-  f  X  ( - )  *24 

Definition  of  addition 

of  rational  numbers. 

a  (cf  +  de) 

b(df  ) 

*25 

a(cf)  4-  a(de) 

b(df) 

*26 

acf  +  ade 

Multiplication  of  whole 

bdf 

numbers  is  associative. 

Comment 


This  permits  the 
parentheses  to  be  omitt 


>3.  Cv  >3.  6\ 

^  X  d>  +  (b  *  £> 


ac  ae 
bd  bf 

(ac)(bf)  +  (bd) (ae) 

(bd)  (bf ) 
acbf  +  bdae 
bdbf 

bacf  +  bdae 
bdbf 

b(acf  +  dae) 

bdbf 

b(acf  +  dae) 

bdbf 

acf  4-  dae 
dbf 

acf  4-  ade 
bdf 


.*.  *  x  £  +  !■)  =  *31 

b  d  t  - 

i.e.  Multiplication  is 
distributive  over  addition 
of  rational  numbers. 


*27 


*28 


_ *29 

Mult,  of  whole  numbers 
is  commutative. 

Distributive  property  for 
whole  numbers . 

Numerator  and  denominator 
are  divided  by  b. 


*30 


Now  we  start  with  the 
right  side  of  what  we 
have  to  prove  nnd  get 
it  into  the  same  form 
as  that  to  which  we 
changed  the  left  side. 

The  order  in  the  products 
in  the  numerator  has 
been  changed. 

The  fraction  is 
reduced. 

The  order  is  changed 
in  two  of  the  products 
This  is  now  the  same 
as  the  left  side. 


8.  Prove  that  the  multiplication  property  of  zero  holds  for  the 


rational  numbers. 

Let  —  be  any  rational  number 
b 

a  _  „ 

Prove:  —  x  0  =  0 
b 


Proof : 
Statement 


a  n 

—  x  0 
b 

a  0 

=  b  XI 


=  0 
=  b 

=  0 
•  a_ 

•*  b 

i.e. 


*32 


x  0  =  0 


*34 


Reason 


Definition  of  mult, 
of  rational  numbers. 

and  *33 


Comment 


0 


—  is  another  name  for  0 


~  is  another  name  for  0. 
b 


£/91V 


6.  USE  OF  THE  DISTRIBUTIVE  PROPERTY 
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Multiplication  and  addition  of  whole  numbers  and  of  rational 
numbers  are  related  by  the  distributive  property. 

We  have  seen  the  distributive  property  in  the  form: 
ax  (b  +  c)  =  (a  x  b)  +  (a  x  c) 

Now  look  at  the  following: 

(b  +  c)  x  a  =  a  x  (b  +  c)  Commutative  property  of  multiplication. 


=  (a  x  b)  +  (a  x  c)  Distributive  property 

=  (b  x  a)  +  (c  x  a)  Commutative  property  of  multiplication. 


i.e.  (b  +  c)  x  a  =  (b  x  a)  +  (c  x  a) 

We  see  that  the  distributive  property  can  be  used  when  the 
single  multiplier  is  on  the  left  or  right  of  the  parentheses. 

Now  let  us  look  at  some  examples  in  which  the  distributive 
property  is  used. 


Examples 


(1)  6  x  37  =  6  x  (30  +  7)  =>  (6  x  30)  +(6x7)=  180  +  42  =  222 


(2)  6  x  3^-  =6  x  (3  +  ^-)  =  (6x3)  +  (6  x  ^-)  =  18+-^-  =  18+^-  =  19y 

(3)  y  X  6^  =  y  x  (6  +  y)  =  (y  X  6)  +  (y  X  |)  =  2  +  y  =  2y 

(4)  2y  X  5  -  (2  +  y)  X  5  =  (2  X  5)  +  (y  X  5)  =  10  +  y  =  10  +  ly  =  lly 


11  1 

1.  The  product  3 j  x  6y  can  be  written  as  6— 


Examine  the  following  to  see  what  has  been  done 
to  find  the  product. 


2.  Use  the  same  method  as  above  to  show  that 


4—  x  2—  °  10^-  . 
3  2  ^6 


2415 


In  the  examples  in  items  1  and  2  on  the  previous  page,  we  have 
also  been  using  the  distrubutive  property.  The  following  shows  how. 

3T  x  6-r  =  (3  +  7)  x  67  =  (3  x  67)  +  (7  x  67)  =  3  x  (6  +  7)  +  7  x  (6+7) 


=  (3  x  6)  +  (3  x  |)  +  (j  x  6)  +  (j  x  |) 


18  +  f  +  2  + 


9  1 

20  +  ——  +  — 
12  12 


20  +  —  =  20^- 
t  12  ^ 


Now  do  the  exercises  on  the  following  activity  page. 


Answers:  1.  -  x  6^  ■  -  x  (6  +  7)  =  (j  x  6)  +  (jx  |) 

3  x  67  =  3  x  (6  +  7)  =  (3  x  6)  +  (3  x 
13  19  10  5 

2JJ+18I-  20+Ii+I|-  20+i|-  20| 


=  2  + 


12 


3 

18+f 

4 


2II 

1&! 


2. 


4 

x2j 


4 

iof 
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SECTION  6  -  ACTIVITY 

1. 


Use 

the 

distributive  property 

to  simplify  the 

following 

(a) 

,3 

(4  x 

i>  + 

,3 

(4 x 

f) 

(f) 

^8  31 

■>¥ + 

,1 

% x  j) 

(b) 

(f  x 

!> + 

(|x 

(g) 

X  |)  + 

.17  1. 

^10  X  2^ 

(c) 

(f  x 

f> + 

(j  x 

2f> 

(h) 

X  |)  + 

,~3  3. 

(34  X  8} 

(d) 

(if 

3v  .,3 

x  +  (ly 

x  4> 

(i) 

x  ly)  • 

+  (l|  X  lj 

(e) 

(2i 

X  I5) 

+  (2- 

1  i2n 

3  x  V 

215 


2.  Use  the  distributive  property  to  find  the  products 

(a)  5  x  6^r  (d)  |  x  lb|  (g)  4X  \ 


(b)  8  x  2^  (e)  2j  x  6 

(c)  f  x  12j  (f )  3-|  x  10 


(h)  9|  x  f 


3. 


Find  the  following  products  without  changing  mixed  numerals 


to  fractions. 


(a) 

(b)  12y 

(c)  4 

(d)  io| 

x 

93 

x  l~r 

4 

x&| 

4 

x  3-j 

(e)  8i 

(£) 

(g)  6-| 

x  2f 

,3 
x  4y 

,2 

X  23 

2417 


SOLUTIONS 

SECTION  5  -  ACTIVITY 


1. 

2. 

3. 

4. 

5. 

6 . 

7. 

8. 
9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 
21. 
22. 

23. 

24. 

25. 

26. 

27. 

28. 


Whole  numbers  are  closed  for  addition  (ad  and  be  are  both  whole 
numbers  from  the  previous  line.) 

Whole  numbers  are  closed  for  multiplication. 

Definition  of  multiplication  of  rational  numbers. 

Whole  numbers  are  closed  for  multiplication. 

bd  is  a  non-zero  whole  number. 

Definition  of  a  rational  number. 

Multiplication  of  whole  numbers  is  commutative, 
c  a 
d  X  b 

Multiplication  of  rational  numbers  is  commutative. 
ad  +  be 
bd 

Multiplication  of  whole  numbers  is  commutative, 
cb  +  da 


db 

Definition  of  addition  of  rational  numbers. 


Definition  of  multiplication  of  rational  numbers. 
a(ce) 

b(df) 

Definition  of  multiplication  of  rational  numbers 


Multiplication  of  rational  numbers  is  associative. 

Definition  of  addition  of  rational  numbers, 
a  +  0 


b 

0  is  the  identity  for  addition  of  whole  numbers. 


cf  +  de 


df 

Definition  of  multiplication  of  rational  numbers. 
Distributive  property  for  whole  numbers. 
Definition  of  multiplication  of  rational  numbers. 
Definition  of  addition  of  rational  numbers. 


29.  Multiplication  of  whole  numbers  is  associative. 

30.  Multiplication  of  whole  numbers  is  commutative. 

cl  C  3.  0 

31.  (jj  x  -j-)  +  x  — )  33.  Multiplication  property  of  0  for  whole 

a  x  q  numbers  and  1  is  the  identity  for 

32.  k  x~~y  multiplication  of  whole  numbers. 

34.  The  multiplication  property  of  0  holds 
for  the  rational  numbers. 


2/U8 

ANSWERS 


SECTION  6  -  ACTIVITY 


1.  (a)  I*  x  (y  +  y)  = 

V  5  ,5  11. 

(b)  8  X  (6  +  5 


2 

3 


3 

k8 


2 

'5 


,3 

'4 


£ 

‘8* 

1, 

4' 


3  3 

7  x  1  "  4 

(f) 

,7  j.  1. 

^8  +  8^  X 

1 

3 

=  1  x  — 
X  3 

■fx2=t 

(g) 

(-2+11) 
'■10  10; 

X 

1  0 

2  =  2  X 

■f  x  3  -  2 

(h) 

<4  +  3y) 

X 

|=  8  X 

13  1  1 3 

1  It  x  1  a  lr 

-)  5 

(i) 

df  +  if) 

X 

l1  * 

I3  =  3  3 

.L 

'3 


=  4 


(e)  2y  x  (l|  +  l|)  =  2y  x  3 


2.  (a)  5  x  (6  +  — )  < 

(b)  8  i  (2  +  |)  1 

(c)  |  x  (12  +  j) 

(d)  |  x  (16  +  |) 

(e)  (2  +  j)  x  6  ■ 

(f)  (3  +  |)  x  10 

(g)  (6  +  x  i  ■ 

(h)  (9  +  f)  x  |  ■ 


1  (5  x  6)  +  (5  x  j)  =  30  +  1  a  31 

s  (8x2)  +  (8  x  y)  =  16  +  6  =  22 

"  (|-  x  12)  +  (|-  x  j)  -  9  +  y  =  9j 
-  (f  x  16)  +  (|  x  y)  -  10  +  y  =  lOy 

=  (2  x  6)  +  (y  x  6)  =  12  +  2  =  14 

=  (3  x  10)  +  (y  x  10)  -  30  +  4  -  34 


(6  x  y)  +  (y  x  y) 
(9  x  |)  +  (|  x  j) 


3  +  i*  2— 

8  J8 

6  +  y-  =  67* 
4  4 


3.  (a)  4~- 

(b)  12i 

(c)  4 

(d)  l()i 

x  4 

x  2j 

4 

a3 

X  67- 

4 

q4 
x  3— 

4 

4 

3— 

12 

4 

4 

24f 

24  — 

3 

30| 

4 


(e)  8y 

x  2I 

51 

16y 


21 


21 

40 


33— 

JJ12 


(f) 


15=- 

■± 

61 

3 

70—1 

,v20 


27if 

(g) 


27— 


<2 

*5 


x  21. 


4 

17f 


38— 
J  20 


II  rH|cs  ro|oO 
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Topic  II 

Post-Test  II  -  Basic  (Form  B) 

1.  Show  all  your  work  in  the  spaces  provided. 

2.  Place  your  answers  or  solutions  on  the  lines  ( _ )  whenever 

they  are  provided  for  this  purpose  on  the  right  hand  side  of 
the  page. 

3.  Your  items  will  be  marked  wrong  if  your  solution  does  not  appear 
in  the  space  indicated. 

4.  Work  carefully  and  do  not  spend  too  much  time  on  any  one  item. 
All  items  should  be  attempted. 


Bl.l 


Find 


A. 


+ 


the  sums  of  the  following  and  write  each  as  a  basic  fraction. 


3 

7 

2 

3 

_4 

21 


Bl.l  A.  ( 
B.  ( 


.) 

) 


B1.2  Find  the  differences  of  the  following  and  write  each  as  a 
basic  fraction. 

14 
12 

B1.2  A.  ( 


A.  — 


B  Z  -  i 
B*  3  5 


1 

3 


B.  ( 


B2.1  A.  Write  the  fraction  —  as  a  mixed  numeral. 


B2 . 1  A .  ( _ ) 


B. 


Write  4y  as  a 


fraction. 


B2.1  B.  (  ) 


2 
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B  3.1 

Find  the  sums 

of 

the  following  and 

write 

the 

fraction 

part 

in  the  answer 

as 

a  basic  fraction. 

8 

„  5  ,5  2 

A. 

Q_ 

9 

B. 

9 - 1-  4—  +  — 

12  IT  3 

B3.1 

A( 

) 

B3.1 

B  ( 

) 

B  3.2  Find  the  difference  of  the  following  and  write  the 

fraction  part  as  a  basic  fraction. 


A. 

8i 

85  ?4 

B'  30rf 

B3.2 

A( 

) 

- 12  \ 

B3.2 

B  ( 

) 

B  4.2 


3  7 

Solve  the  condition  1—  =  m  +  — 

4  6 

in  the  solution  as  a  basic  fraction. 


and  write  the  fraction 
Show  your  check. 


B4.1  ( 


B  5.1  Jim  is  5  feet  3-i  inches  tall.  Albert  is  5  feet  7-i 

inches  tall.  How  many  inches  is  Albert  taller  than  Jim? 


B5.1  (  ) 
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B  7.1 


B  8.1 


B  9.1 


B  10.1 


-  3  - 


Find 

the 

basic  fraction 

for  each  product 

13 

,«  33 

18  X  26 

27 

A 

B7.1 

A( 

) 

7 

3 

B7.1 

B( 

) 

16 

of 

4 

Give 

the 

reciprocal  for 

each  of  the  following 

numbers 

it  exists. 

B8.1 

A  ( 

) 

3 

13 

B-  27 

B8.1 

B  ( 

) 

B8.1 

C( 

) 

-  4 

25 

B8.1 

D( 

) 

Find  the  quotients  and  give  them  as  basic  fractions. 

24  ‘  27 

25  ~  20 


B. 

15 

B9.1 

A( 

) 

8 

B9.1 

B  ( 

) 

25 

28 


Solve  the  condition  ^a  =  ~  and  write  the  solution 
as  a  basic  fraction.  Give  your  check. 


BIO. 1  (  ) 
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B  11.1 


-  4  - 

Barry  and  Brent  weighed  themselves.  They  posed  their 
weights  as  a  puzzler  to  their  class.  Barry  claimed  that  he 

weighed  of  64  lbs.  and  Brent  said  his  weight  was  the 
°  9 

same  as  72  lbs.  divided  by  y  .  Their  question  was:  "Which 
one  of  us  is  the  heaviest?" 


Bll.l  (  ) 
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Topic  II 

Post-Test  II  -  Intermediate  (Form  B) 


1.  Show  all  your  work  in  the  spaced  provided. 

2.  Place  your  answers  or  solutions  on  the  lines  ( _ )  whenever 

they  are  provided  for  this  purpose  on  the  right  hand  side  of  the 
page. 

3.  Your  items  will  be  marked  wrong  if  your  solution  does  not  appear 
in  the  space  indicated. 

4.  Work  carefully  and  do  not  spend  too  much  time  on  any  one  question. 
All  items  should  be  attempted. 


II. 1  Find  the  sums  of 
fraction. 


the  following  and  write  each  as  a  basic 


11. 1 

A( 

) 

11. 1 

B  ( 

) 

11.2  Find  the  difference  of  the 
basic  fraction. 


following  and  write  each  as  a 


25 

24 

11.2  A ( 

) 

13 

11.2  B ( 

) 

16 

12.2  Justify  that  the  mixed  numeral  for 
fractions. 


by  using 


'  ‘ 
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-  2  - 

B.  Using  fractions  justify  that  the  fraction  for 


I  3.2  Find  the  difference  for  the  following  and  write  the  fraction 
part  in  each  answer  as  a  basic  fraction. 


B. 


13.2  A(  ) 

13.2  B  ( _ ) 


I 


4.1 


Solve  the  condition 


g—  - 

l6 


m 


24 


in  the  solution  as  a  basic  fraction  and  show 


.  Write  the  fraction 
your  check. 


14.1  ( 


I  5.1  Brent  is  repainting  his  bike.  He  uses  a  mixture  of  two 

colours.  has  m^xe(j  3  pint  red  paint  and  \  pint  blue  paint. 

16  ^  3 

he  finds  that  he  needs  yy  pint  of  the  mixture.  How  much  is 
he  short? 


15.1  (  ) 


■ 


I  6.1 


3 


can  be  obtained. 
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Using  diagrams  show  how 


2 

3 


of 


3 

5 


I  7.1  Find  the  products  for  each  of  the  following  and  write  the 
fractions  in  the  answers  as  basic  fractions. 

A-  15  x  'I  x  29  B-  2T  of  18f 

17.1  A( _ ) 

17.1  B  ( _ ) 

I  8.1  In  the  following  illustrate  with  an  example: 

A.  (1)  Write  a  whole  number  other  than  zero  and  also 

write  its  reciprocal. 

(2)  Write  a  rational  number  which  is  not  a  whole 
number  and  also  write  its  reciprocal. 

B.  State  the  property  which  a  number  and  its  reciprocal 
have. 


Explain  why  zero  has  no  reciprocal. 


.. 


-  %  .1 


2 
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I  9.1 


Find  the  quotient  of  the  following: 


19.1  A( _ ) 

19.1  B  ( _ ) 


I  9.2  Using  reciprocals  explain  why  you  cannot  divide  by  zero. 


63  35 

I  10.1  Solve  the  condition  7 7-  = 

16  32 

in  the  solution  as  a  basic  fraction. 


.  Write  the  fraction  part 
Show  the  check. 


110. 1  ( _ ) 

111.1  Twigge  went  to  the  store  to  buy  sone  diet  foods.  The  store 
had  a  sale  on.  Brand  A  was  on  sale  for  3  tins  for  99  cents  and  ^ 
Brand  B  was  on  sale  for  three  tins  for  90  cents.  Brand  A  has  4—  oz. 

3  4 

tins.  Brand  B  has  3^  oz.  tins.  Which  brand  is  the  best  buy? 

Show  all  work. 


IU.1  (  ) 


•  ■ 

-  2  - 


2  2  G 


Topic  II 

Intermediate  -  Supplement 

Post  -  test  II 


I  12.1  Match  the  example  given  in  column  1  with  the  correct 

property  from  column  2  for  the  properties  of  addition  of  rational 
numbers. 


I  +  1 

2^3 


R 


\  + 


0  =  =r 


£  +  2  = 
3  4 


2  +  2 
4  +  3 


+\ 


*+<W> 


a.  Associative  property 

b.  Commutative  property 

c.  Closure  property 

d.  Identity  property 


I  12.2  Match  the  example  given  in  column  1  with  the  correct 

property  from  column  2  for  the  properties  of  multiplication  of 
rational  numbers. 


12  2  1 

2  X  3  3  X  2 

1,1  ^  i  ’  1  1^1  1 

2.(4  *^5)  "2  x  4.  2  x  5 


2  3  t 

3  x  2  =  1 


1  x  ?  = 

1  3 

2  X  4 


3 

4 

R 


1  1,  1  1  ,1  lv 

(2  X  3>  X  4  =  2  X  <3  X  4> 


a.  Closure  property 

b.  Associative  property 

c.  Identity  property 

d.  Commutative  property 

e.  Distributive  property 

f.  Reciprocal  property 


I  12.3  State  the  property  of  multiplication  the  rational  numbers 
have  that  the  whole  numbers  do  not  have.  Give  an  example  to  il¬ 
lustrate  your  statement. 


*  ~  *•  - 


lads  II 

Post-Test  II  -  Advanced  (Form  B) 


227 


Show  your  work  in  the  spaces  provided  for  this  purpose. 

Work  carefully  and  do  not  spend  too  much  time  on  any  one  question. 

A1  Define  a  non-negative  rational  number. 


A2  Write  the  definitions  for  addition  and  subtraction  of  rational 
numbers  named  by  fractions. 


A3  Write  the  definition  formultiplication  of  rational  numbers 
named  by  fractions. 


A4  Write  the  definition  for  division  of  rational  numbers  named 
by  fractions. 


2 
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A5 


Complete  the  following  proof 


Prove  that  addition  is  commutative  for  rational  numbers. 

3.  C 

Let  —  and  —  be  any  two  rational  numbers 
b  d 

:  b  + 1 =  a +  b 


Proof : 


Statement 


Reason 


*  +  £ 
b  d 


=  (1) 


Definition  for  addition  of 
rational  numbers. 


=  (2) 


Multiplication  of  whole  numbers 
is  commutative. 


cb  +  da 
db 


(3) 


£  +  * 
d  b 


(4) 


(5). 


ie.  Addition  for  rational  numbers  is  commutative. 


A6  A.  Show  how  the  distributive  property  may  be  used  to  find  the 
product 

JL  x  30^- 
15  88 


229 


-  3  * 

B.  Find  the  product  without  changing  the  mixed  numerals  to 

fractions. 

* 

*  4 


C. 


Show  how  the  distributive  property  may  be  used  to  simplify 


,  9  44.  .9  16. 

(46  X  63)  (46  x  21) 


CHALLENGERS  TOPIC  Z 

Think  back  to  Problem  Solving  in  Topic  1.  It  was  stated  that 
there  are  no  ’hard-and-fast’  rules  to  follow  in  the  solving  of  all 
problems.  Each  problem  will  be  different  and  will  require  its  own 
' line-of-attack’ . 

Sometimes  a  mathematical  pattern  or  relationship  can  be  dis¬ 
covered  if  we  first  look  at  several  numerical  examples.  Here  is  an 
example  in  which  looking  at  examples  helps. 

The  first  of  two  rational  numbers  is  greater  than  zero,  and 
the  product  of  the  two  rational  numbers  is  greater  than  zero. 

(I)  If  the  product  is  less  than  the  first  number,  what  must 
be  true  about  the  second  number? 

(II)  If  the  product  is  greater  than  the  first  number,  what 
must  be  true  about  the  second  number? 

Let's  look  at  some  numerical  examples  to  determine  what  must 
be  true  about  the  second  number  in  each  case. 


First 

Number 

Second 

Number 

Product  | 

(less  than 
first  number) 

Finding  the 

Second  Number 

Second 

Number 

5 

n 

3 

5  x  n  =  3 

1  -  1-. 

—  x5xn  =  —  x3 

5  5 

3 

7  x  p  =  4 

3 

5 

7 

P 

4 

!  2.  1 

JX  7  V  p  =  yX  4 

4 

p  =  1 

2  1 

3  X  q  “  4 

4  " 

7 

2 

3 

q 

1 

4 

“3 - 2  3  r 

2  x  3  x  q  =  2  X  4 

3 

q  =  8 

8 
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What  do  you  notice  about  all  the  second  numbers? 


You  can  look  at  as  many  examples  as  you  require  to  find  a  pattern. 
Here  we  notice  that  every  time  the  second  number  is  less  than  one. 

Thus,  it  seems  that  if  the  product  is  less  than  the  first  number,  then 
the  second  number  must  be  less  than  one. 

Now  you  try  some  examples  for  part  (II)  and  see  what  is  true 
for  the  second  number  in  each  case. 


Read  the  following  example  very  carefully. 

’If  a  given  rational  number  (less  than  one)  is  divided  by  a 
rational  number  between  0  and  1,  how  does  the  quotient  compare  in 
size  with  the  given  number? ' 


Let's  try  some  numerical  examples. 


Given 

Number 

3 

4 


3 

5 


4 

7 


Number  Between 
0  and  1 

1 

2 


_4 

15 


_8 

11 


Finding 

Quotient 

3  .  1 

4  *  2 

3  2 

4  X  1 
3 

2 


3  .  _4 
5  T  15 

3  15 
5  X  4 

9_ 

4 

A  .  _8 
7  *  11 

4  11 
7  X  8 

11 

14 


Quotient 


11 

14 


How  does  the  quotient  compare  in  size  with  the  given  number? 

In  each  case  we  can  see  the  quotient  is  greater  than  the  given  number, 
when  the  given  number  (less  than  one)  is  divided  by  a  rational  number 
between  0  and  1. 


Remember  that  all  problems  are  different.  But  you  may  sometimes 
find  it  useful  to  use  numerical  examples  when  looking  for  mathematical 
relationships  or  patterns. 


The  most  important  thing  to  do  when  solving  problems  is  to 

.  ,  ,  2 

THINK!  THINK!  THINK! 

Read  the  following  instructions  and  then  do  the  problems. 

1.  After  trying  a  problem,  check  your  answer  with  the  one  given  at 
the  end  of  the  Problem  Solving  section.  If  it  is  incorrect, 
try  the  problem  again  to  see  if  you  can  arrive  at  the  right 
answer . 

2.  Do  NOT  spend  more  than  15  to  20  minutes  of  hard  thinking  on  a 
single  problem.  After  that  time,  leave  it  and  try  the  next 
problem  in  the  section  you  are  working.  You  are  not  expected 

to  do  every  problem.  If  you  find  that  the  problems  in  a  section 
are  very  easy  and  do  not  require  you  to  do  much  thinking,  leave 
this  section  and  start  the  next  section.  The  problems  having 
been  divided  into  four  sections  with  the  easier  problems  first. 
For  you  to  be  doing  real  problem  solving  you  should  be  challenged 
and  be  required  to  think  about  a  problem  before  being  able  to 
arrive  at  an  answer. 

3.  When  you  have  tried  all  the  problems  in  a  section,  return  to  thos 
you  missed.  You  may  be  surprised  at  your  second  try. 

4.  Work  on  some  of  these  problems  at  home.  You  may  have  more  time 
to  think  about  them. 

5.  Have  your  teacher  look  at  your  "Problem  Solving"  attempts  and 


achievements . 


, 


Challengers 


Section  1. 
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2^7 


1.  Suppose  you  saw  the  two  number  sentences  below  written  on  the 
chalkboard  by  two  students.  What  correct  conclusion  could 
you  reach  about  these  products  without  doing  any  computations? 
Why? 

24  65  _  1560  65  24  =  1580 
23  X  66  1518  66  X  23  1518 


2.  Joe  saw  the  two  sentences  below  written  on  the  chalkboard. 

He  said  "If  both  sentences  are  true,  then  addition  of  rational 

numbers  is  NOT  commutative.  Was  he  correct?  Explain. 

J5 6  _  _30  _6  ,  6_  _  5 

8  12  24  12  8  4 


3.  Simplify  the  following: 

\  7.3,  8 

a)  35  +  18  +  105 

,2,i 

b)  24  +  30  +  40 

4.  What  rational  number  less  than  2  can  be  added  to  —  so  that 

O 

each  sum  is  greater  than  1? 

5.  Show  how  the  distributive  property  can  be  used  to  show  that 

1  el.  ,  .1 

y  X  6y  is  3j  . 

6.  The  universe  or  replacement  set  for  *n’  in  the  following 

conditions  of  equality  is  the  set  of  whole  numbers.  Find 

replacements  for  '  n1  which  make  each  condition  true. 

Nnn  n  16  >.43  3 

a)  —  =  -^  b)  —  =  tt  c)  -r  x  —  =  — 

n8  nl6  5nl0 


Challengers 


Section  2. 


7.  A  certain  rational  number  is  greater  than  zero.  Its  reciprocal 
is  larger  than  the  number  itself.  What  must  be  true  about  the 
number? 

8.  What  can  be  said  about  the  value  of  reciprocals  of  numbers  which 
are  very  close  to  one? 

9.  If  a  given  rational  number  (greater  than  zero)  is  multiplied  by 
a  rational  number  between  0  and  1,  how  does  the  product  compare 
in  size  with  the  given  number? 

10.  If  a  given  rational  number  (greater  than  zero)  is  divided  by 

a  rational  number  between  0  and  1,  how  does  the  quotient  compare 
in  size  with  the  given  number? 


Challengers 


Section  3. 


12. 


13. 


11.  Express  the  sum  of  —  +  -2-  as  a  fraction. 

y  q 


If  a,  b,  and  c  are  different  whole  numbers,  find  the  values 
of  a,  b  and  c  if: 


~  +  r  +  ~  =  1 
a  b  c 


Write  the  solutions  for  the  following  sentences.  The  universe 
is  the  set  of  rational  numbers  greater  than  zero. 


a)  I  - n  ■  £ 

b>  n  +  |  >  f 


d)  2n  >  3 

e)  Jn>  I 


14.  Find  the  following  sums.  Then  find  a  relationship  between  each 
sum  and  the  numbers  involved . 


a) 

c) 


1x2 

1 


2x3 

1 


b) 


1x2  2x3  3x4 


1  +  1 


4x5 


1x2 

d) 


2x3 

1 


3x4 
1 


+ 


1x2  2x3  3x4  4x5  5x6 
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(cont . ) 

14.  Use  this  relationship  to  find  the  following  sums. 

v  JL  ,  _J_  ,  _i_  i 

e;  1x2  2x3  +  3x4  +  *  *  * 
f)  1x2  +  Zx3  +  3x4  +  *  *  * 


15. 


49x50  ' 
1 

99x100 


Find  the  sums  of  the  following  fractions  and  look  for  a  relation 


ship  between  the  sum  and  the  fractions. 

.  1  1 
eg 


6 


V  1  ,  1 

a)  9  +  18  ! 

b)  12  +  24 


v  _1_  ^  1 

C)  15  30 

JL  .  _1 

d)  18  +  36 


Using  the  relationship  found  above,  find  the  following  sums. 
(Do  NOT  form  the  L.C.D.  and  add  the  fractions,  use  the 
relationship . ) 


\  1  i  1 

e)  21  +  42 

f)  -A  +  -A 

g)  —  +  — 

30  60 


h) 

i) 


-1  +  -A 

45  90 

—  H - - 

48  96 


Complete  the  following  sentences  using  the  same  pattern  as 


above. 

.v  JL  .  _± 

j)  33  +  i - 1 

k)  JL  + JL 

;  60  □ 

D  _1  +  JL.J, 

;  75  (HI  CZ) 


_1 

□ 

1 


m)  Write  a  formula  to  express  the  relationship  found 


Challengers  Section  4. 

16.  After  much  experimenting  Robert  claimed  that  dividing  rational 

numbers  could  be  done  by  dividing  the  numerators  and  dividing 

the  denominators  of  the  fractions  in  much  the  same  way  as 

multiplication  of  rational  numbers.  Try  some  numerical  examples 

to  determine  if  Robert  was  correct.  Prove  your  answer  using 

3  c 

rational  numbers  —  and  -r  . 


17.  Demonstrate  on  a  number  line  the  multiplication  of  the  following 


rational  numbers. 


v  3  8 

a)  4  X  9 


b)  2  x  3 


v  3  3 

c)  2  x  4 


18.  Indicate  diagramatically ,  with  regions,  how  to  form  the 


following  products. 


v  2  9 

a)  3  X  4 


,  s  4  3 

b)  3  X  4 


,  4  9 

c)  3  X  4 


19.  a)  Can  the  distributive  property  be  used  to  find  the  product 
1  2 

6y  x  2—  ?  If  it  can,' then  show  how. 

b)  If  you  were  in  the  Advanced  Group  for  this  topic,  prove 

the  distributive  property  of  multiplication  over  subtraction 
of  rational  numbers.  (hint:  use  the  definition  of 
subtraction) . 


2°.  =  2  +  j 

4  4. 


=  2  + 


=  2  + 


=  2  + 


4 

3 


2  + 


1  +  i 


is  known  as  a 


continued  fraction  for 
- 4 

It  is  represented  by  the 

symbols  (2;  1,  3) 


Another  example  of  a  continued  fraction  is: 

o  +  -i- 

47  U  47 
19 


=  0  + 


=  0  + 


=  0  + 


=  0  + 


19 

1 


2  +  — 
19 


2  + 


19 

9 


2  +"T 

29 


0  + 


2  + 


24 


The  continued  fraction  is  represented  by  (0;  2,  2,  9). 


*  Each  numerator  in  a  continued  fraction  is  one. 


ZSX 


a)  Compute  the  continued  fraction  for  and  write  the 
symbol  for  it. 

b)  Which  fraction  is  represented  by  the  continued  fraction 
(0;  1,  2,  3)? 


.  •  f 
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Discussion : 

If  the  product  is  greater  than  the  first  rational  number,  the 
second  rational  number  must  be  greater  than  one. 

Section  1 

1.  One  of  the  products  must  be  incorrect.  According  to  the 
commutative  property  of  multiplication  for  rational  numbers, 
they  should  have  equal  products. 

2.  No,  he  was  not  correct. 

30-1  ie.  A  +  -^  =  Ji  +  i 

24  4  8  12  12  8 

Thus  the  commutative  property  of  addition  for  rational 

numbers  is  supported. 

q  v  31  ,  v  2 

3.  a)  ?0  b)  3 

3  3 

4.  —  <  n  <  2  ie.  the  set  of  rational  numbers  from  —  to  2. 

o  o 

121  21  12  11 

5.  !x^  =  Yx(6+f)  =  (fx6)  +  (YXj)  =  3+  y=  3y. 

6.  a)  8  b)  any  whole  number  greater  than  zero  c)  8 

Section  2 

7.  The  number  is  less  than  one. 

8.  The  value  of  the  reciprocals  is  also  very  close  to  one. 

9.  The  product  is  smaller  than  the  given  number. 

10.  The  quotient  is  greater  than  the  given  number. 


Section  3 

n. 

yq 


ill 

1  2  -  -f-  -  4-  -  S3  1 

•  23^6  X 


13.  a)  sol:  —  b)  sol:  all  rational  numbers  greater  than 
8 

3 

c)  sol:  all  rational  numbers  greater  than  —  . 

3 

d)  sol:  all  rational  numbers  greater  than 

e)  sol:  all  rational  numbers  greater  than 


ON  1 1—* 


253> 


14. 

a)  f 

b)  I 

s  4  5 

C)  5  d)  6 

v  49  .  99 

e)  50  f)  100 

15. 

a)  £ 

b)  1 

c)  10  d)  12 

e)  i£  f)  i£  g) 

1 

20 

h)  30 

32 

k)d+^= 

33  66  22  K)  60  120 

1 

40 

1 

1 

1  v  1 

l  l 

75  +  150  " 

50  m)  3^  + 

6n  2n 

♦ 

Section  4 


16.  Robert  was  correct. 

Usual  method 


Robert's  method 


Robert's  method  gives 
the  same  answer  as  the 
usual  method. 


2S4 


18.  a) 


9_ 

4 


2  ,  9 

3  °f  4 


2,9  18 

3  °f  4  12 


b) 


c) 


3 

4 


v 


mm  IMM  H 


2 

4 


12 

12 


2 

4 


4,9 
3  °f  4 
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cont.  c) 


19. 


=  (6^  x  2)  +  (6y  x  -j) 

=  (6  +  y)  x  2  f  (6  x  |)  x  | 

=  (6  x  2)  +  (|  x  2)  +  (6  x  |)  +  (^  x  j) 

=  12+1  +  4  +  -| 

-  17i 

3  0  6 

b)  Let  — ,  -j-  and  y  be  any  rational  numbers. 

r>  a  /C  e\  /a  C\  /a  a\ 

Prove:  ^  x  (j  -  j)  =  j)  -  (j-  x  ?) 


36 

12 


Proof : 


Statement 


Reason 


Comments 


a  ,c  eN 
b x  (i  -  ? > 

a  ,cf  -  de 
=  b x  (-di — 


) 


Definition  of  subtraction 
of  rational  numbers. 


a  x  (cf  -de) 
b  x  (df) 


Definition  of  multiplication 
of  rational  numbers. 


acf  -  ade 
bdf 


Distributive  property  of 
whole  numbers. 


/U  c>  ,a  es 
(b x  d>  -  (b x  T: 1 


ac  _  ae 
bd  bf 


Definition  of  multiplication 
of  rational  numbers. 


acbf  -  aebd 
bdbf 


Definition  of  subtraction 
of  rational  numbers. 


Start  with  left  side. 


cf  and  de  are  whole 
numbers . 

Now  start  with  right  side 
and  get  it  to  be  the  same 
as  the  fourth  line. 


Statement 

b(acf  -  dae) 
bdbf 

_  /(acf  -  dae) 
Jfdbf 

acf  -  ade 


bdf 


«  a  ,c 
**  b  X  (d 
.a  c, 
(b x 


f)  ■ 

(txf> 


Reason 

Distributive  property 
of  whole  numbers. 

Reducing  the  fraction. 

Commutative  property 
of  whole  numbers 


Comments 
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Order  is  changed  in 
some  terms . 


Result  is  same  as 
left  side. 


ie.  Multiplication  is  distributive  over  subtraction  of  rational  numbers. 

1 


20.  a)  ff  -  4  +  ^ 

1 

=  4  + 


b)  (0;  1,  2,  3)  =  0  + 


=  4  + 


=  4  + 


=  4  + 


15 

4 

1 


3— 

J4 


3  + 


3  + 


4 

3 


=  4  + 


3  + 


1± 

3 


=  4  + 


3  + 


1  +  — 
3 


1  + 


2  +  i 


=  0  + 


1  + 


2i 


=  0  + 


1  + 


1_ 

3 


=  0  + 


=  0  + 


=  0  + 


=  0  + 


1  + 


4 


10 

7 


10 


(4;  3,  1,  3) 


the  fraction  is  —  . 
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Field_ Trip  -  Tues._  March  3  »  1972 
Imperial  Oil  -  Financial  Accounting  Dept . 

I .  Introduction : 

(1)  introduction  of  students  and  Imperial  Oil  personnel. 

(2)  a  check  with  the  students  purpose  of  the  field  trip 
(to  relate  mathematics  to  the  business  world) 

(3)  an  explanation  of  the  Imperial  Oil  Company  with  part¬ 
icular  emphasis  on  the  financial  accounting  department 
of  the  Comptroller's  division. 

II .  Overall  Office : 

A.  "Awe"  effect  -  an  explanation  of  the  workings  of  the 

general  office. 

(1)  Personnel 

(2)  Hardware 

(3)  Use  of  the  machines 

(4)  Everyone  must  know  their  job 

(5)  Office  has  a  routine:-  work  -  coffee  breaks  -  lunch,  etc. 

(6)  General  plan  of  an  office:-  office  work  flow 

(7)  Efficiency  of  an  office:-  lack  of  errors 

-  organization  of  work 

-  quality  of  work 


III. 


Particular  workings  of  the  office : 

Incoming  Mail 
Comptometer  (for  checking) 


A.  Producing"~0pe  rat  ions  B.  ^Sark^ing  C.  Logistics  D.  Freight 
1 

Receiving  Reports  ^Invoices 

1 

Coders 


Voucher  Placement 


vt. 

Credits  and  Debits  Balance 

Typists  for  cheques 
l 

Audit  Department 
X 

Approval 

X 

Mailing 


' 


-2- 
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gL  Particular^  Phase  Casual  Payroll : 

A.  Explanation  of  Casual  Help 

(1)  benefits 

(2)  hiring 

(3)  manual  processing 

B.  Gross  Pay  .  Net  Pay 


(1)  TD1  form 

(2)  hours  of  work 

(3)  vaction  pay 

(4)  Income  tax 

$<5)  Canada  pension 

( 6 )  Unemployment  insurance 

(7)  checking  of  deductions 


V.  Summary: 


Look  at  the  purpose  of  the  visit  -  was  it 
achieved? 


' 


CHAPTER  REVIEW 


2 


KEY  IDEAS 
Section  1 

Fractions  are  symbols  used  to  compare  parts  to  a  whole,  to 
compare  sets,  regions,  lengths  or  quantities  and  for  measurement. 

Section  2 

Diagrams  may  be  used  to  represent  fractions.  When  shaded 
parts  of  regions  are  used  to  represent  a  fraction  with  numerator 
greater  than  denominator,  the  unit  region  used  should  be  shown. 

Sections  3  and  4 

Several  different  fractions  may  be  represented  by  the  same 
diagram.  Such  fractions  are  called  equivalent  fractions. 

Section  5 

A  basic  fraction  is  one  in  which  the  numerator  and  denominator 
have  no  common  factor  (other  than  one) . 

A  fraction  equivalent  to  a  basic  fraction  is  obtained  by 
multiplying  numerator  and  denominator  of  the  basic  fraction  by 
the  same  natural  number. 

A  fraction  is  "reduced"  to  its  equivalent  basic  fraction  by 
dividing  numerator  and  denominator  of  the  fraction  by  their  greatest 
common  factor. 

Section  6 

Whole  numbers  can  be  represented  by  fractions.  Their  basic 
fractions  have  denominators  of  one. 

Section  7 

With  each  infinite  set  of  equivalent  fractions  there  is 
associated  exactly  one  rational  number.  The  basic  fraction  in 
the  set  is  usually  used  to  name  the  rational  number. 

Each  rational  number  is  associated  with  exactly  one  point 

on  the  number line. 

Equivalent  fractions  name  the  same  rational  number. 


. 

. 


Section  8 
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Whether  the  fractions  are  equivalent  can  be  tested  either 

(1)  by  reducing  them  to  their  basic  fractions  or 

(2)  by  finding  fractions  with  common  denominators  and  equivalent 
to  the  given  fractions. 

Section  9 

Rational  numbers  can  be  arranged  in  order  of  size  by  naming 
them  with  fractions  having  common  denominators.  The  numerators 
are  then  used  to  order  the  fractions. 

Section  10 

The  set  of  rational  numbers  is  dense  because  between  any  two 
rational  numbers  there  are  infinitely  many  other  rational  numbers. 

To  find  rational  numbers  between  two  rational  numbers,  the 
given  rational  numbers  are  named  by  fractions  having  suitable  common 
denominators. 

Section  11 

Rational  numbers  and  fractions  can  be  used  to  answer  questions 
in  everyday  life. 


ZZ  5“ 


Summary 
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Section  1 

Addition  and  subtraction  of  rational  numbers  named  by  fractions 
is  usually  done  by  obtaining  equivalent  fractions  with  least  common 
denominators  and  then  adding  or  subtracting  the  numerators.  Answers 
are  given  as  basic  fractions. 


Section  2 

A  mixed  numeral  contains  a  whole  number  numeral  and  a  fraction. 


Each  mixed  numeral  has  a 

corresponding  fraction 
o  AND 

4g-  =  (4  x  8)  +  3  eighths 

=  35  eighths 
35 
8 


Each  fraction  with  numerator 
greater  than  denominator  has 
a  corresponding  mixed  numeral. 

H  -  8H5-  -4 


Section  3 

In  addition  (or  subtraction)  of  rational  numbers  named  by 
mixed  numerals,  the  whole  numbers  are  added  (or  subtracted)  and 
the  numbers  named  by  the  fractions  are  added  (or  subtracted). 

Section  4 

A  solution  for  a  condition  for  equality  is  a  number,  which 
when  put  in  place  of  the  variable,  makes  the  condition  a  true 
statement . 

Conditions  for  equality  involving  addition  (or  subtraction) 
of  rational  numbers  are  solved  by  finding  (related  conditions 
with  the  variable  alone  on  one  side . 


Section  5 

Addition  and  subtraction  of  rational  numbers  are  used  to 
answer  questions  about  every  day  situations.  Most  examples  are 
done  by  (1)  finding  the  relationship  between  what  is  asked  and 
what  is  given. 

(2)  obtaining  the  relationship  in  mathematical  form  and 
doing  the  indicated  mathematical  work  to  get  a 
mathematical  answer. 

(3)  Using  the  mathematical  answer  to  answer  the  original 
question. 


. 
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—  nf  —  =  a  X  C 

b  OI  d  b  x  d 
Section  7 

Multiplication  of  rational  numbers  is  done  as  follows: 

£  c  axe 
b  d  b  x  d 

When  mixed  numerals  or  whole  numbers  are  involved,  their 
corresponding  fractions  are  used.  Answers  are  given  as  basic 
fractions.  Reduction  to  basic  fractions  is  done  by  dividing 
numerator  and  denominator  by  their  common  factors  (cancelling) . 

Section  8 

The  reciprocal  of  a  number  is  another  number  whose  product 
with  the  given  number  is  1. 

The  reciprocal  of  a  non-zero  rational  number  is  obtained  by 
interchanging  the  numerator  and  denominator  of  the  fraction  for  the 
rational  number. 

Zero  has  no  reciprocal. 

Section  9 

To  divide  by  a  non-zero  rational  number,  you  multiply  by 
its  reciprocal. 

a  .  c  a  d 
b  T  d  =  b  X  c 

It  is  not  possible  to  divide  by  0. 

Section  10 

Conditions  for  equality  involving  multiplication  of  rational 
numbers  can  often  be  solved  by  finding  related  conditions  involving 
division  of  rational  numbers  with  the  variable  alone  on  one  side. 

Also,  in  conditions  for  equality  in  which  the  variable  is  multiplied 
by  a  number,  the  variable  can  be  obtained  alone  on  one  side  by 
multiplying  both  sides  by  the  reciprocal  of  the  number  by  which  the 
variable  is  multiplied. 


'  > 


X 


' 
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Section  11 
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To  answer  questions  from  everyday  situations  by  mathematics 
we  usually  find  the  relationship  between  what  is  asked  for  and 
what  is  given.  The  mathematical  form  of  this  relationship  is 
called  the  mathematical  model  for  the  situation.  The  mathematical 
model  is  often  a  condition  for  equality.  The  solution  for  this 
condition  for  equality  is  used  to  answer  the  original  question. 

Section  12 

The  rational  numbers  are  closed  for  addition  and  multiplication. 
Addition  and  multiplication  of  rational  numbers  are  commutative 
and  associative . 

0  and  1  are  the  identities  for  addition  and  multiplication 
respectively  of  rational  numbers. 

Multiplication  of  rational  numbers  is  distributive  over 
addition.  Non-zero  rational  numbers  have  reciprocals .  This  is 


a  property  of  rational  numbers  which  whole  numbers  do  not  have. 
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KEY  IDEAS 

Section  1  250 

A  number  is  a  power  of  ten  if  and  only  if  it  can  be  written 
as  ten  to  some  exponent,  or  one  over  ten  to  some  exponent. 

10°  =  1 

Every  digit  in  a  numeral  has  a  place-value. 

A  numeral  can  be  written  in  expanded  notation  by  forming  the 
sum  of  each  digit  times  its  place  value. 

Section  2 

A  rational  number  can  be  expressed  by  any  of  three  different 
numerals;  a  mixed  numeral,  a  decimal  numeral,  or  a  fraction.  Then 
every  fraction  names  a  rational  number  which  can  also  be  named  by 
a  decimal,  and  vice  versa. 

Section  3 

Addition  and  subtraction  of  decimal  numbers  can  be  justified 
by  performing  the  operation  with  the  numerals  in  expanded  notation. 

Section  4 

Solving  conditions  with  addition  and  subtraction  of  decimals  is 
much  the  same  as  solving  similar  conditions  with  whole  numbers. 

Section  5 

Decimal  form  is  often  the  most  convenient  way  of  expressing 
rational  numbers  because  they  can  be  added,  subtracted  and  compared 
more  readily  than  their  equivalent  fractions. 

Section  6 

Numbers  named  by  decimal  numerals  are  usually  approximate  numbers. 
Decimal  numerals  can  be  rounded  to  however  accurate  the  result  needs 
to  be.  Rounding  is  usually  done  by  giving  the  closest  accurate  decimal 
to  the  given  number.  A  special  case  occurs  when  the  digit  5  follows 
the  required  decimal  place. 

Section  7,  8 

Multiplication  and  Division  of  decimal  numbers  can  be  justi¬ 
fied  by  performing  the  operation  with  the  numerals  in  expanded  notation. 

Section  8 

When  dividing  rational  numbers,  it  is  often  necessary  to  carry 
the  division  past  the  accuracy  required  and  then  round  off  the 


results . 


■ 


' 
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KEY  IDEAS 

Section  1 

Ratios  are  numbers  which  can  be  used  to  compare 
quantities . 

A  ratio  can  be  written  as  a  fraction  (y) ,  as  an  implied 
division  (4t3),  or  with  a  colon  (4:3). 

There  are  equivalent  ratios  and  basic  ratios  just  as  there 
are  equivalent  fractions  and  basic  fractions. 

When  two  quantities  of  the  same  kind  are  compared  using 
ratios,  the  same  units  are  used  for  both  quantities. 

Section  2 

A  mathematical  statement  of  equality  between  two  ratios 
is  called  a  proportion. 

A  proportion  is  a  true  proportion  if  it  has  equal 
cross-products . 

Section  3 

A  proportion  containing  a  variable  can  be  solved  by  using 
the  cross-product  property  of  proportions.  Setting  the  cross- 
products  equal  to  each  other  gives  a  condition  for  equality 
which  can  be  solved  in  the  usual  way. 

Section  4 

Two  quantities  are  proportional  (directly  proportional)  if 
multiplying  one  quantity  by  a  factor  causes  a  corresponding 
use  in  the  other  quantity. 

Section  5 

Proportions  can  be  used  to  answer  questions  about  everyday 
situations . 

Section  6 

Proportions  can  be  used  to  compare  ratios  by  changing  both 
ratios  to  have  common  denominators.  Often  the  common 

denominator  used  is  1. 


, 
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Section  7  &  8 


Ratios  are  easy  to  compare  when  written  as  percentages. 

Every  ratio  can  be  changed  into  a  percentage  by  using  the 
rules  for  fractions  to  change  the  denominator  to  100;  the 
numerator  is  then  the  equivalent  percent. 

Every  percentage  can  be  written  as  a  ratio  by  putting 
over  100  and  removing  the  %  sign. 

Every  percentage  can  be  changed  to  a  decimal  fraction 
by  removing  the  %  sign  and  moving  the  decimal  point  two 
places  left  (dividing  by  100). 

Every  decimal  fraction  can  be  changed  into  a  percentage 
by  moving  the  decimal  two  places  right  (Multiplying  by  100) 
and  adding  a  %  sign. 

Section  9 

The  concept  of  percent  can  be  used  to  answer  questions 
about  everyday  situations. 

Section  10 

The  regular  price  of  an  item  multiplied  by  the  discount  rate 
yields  the  discount. 

The  regular  price  minus  the  discount  gives  the  sale  price. 


Section  11 

The  amount  of  interest  payable  on  a  loan  is  equal  to  the 
amount  of  principle  times  the  interest  rate  times  the  number 
of  time  intervals  for  which  the  money  is  borrowed. 
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REVISED  MINUTES  OF  THREE  MEETINGS 
BETWEEN  THE  EXPERIMENTERS  AND  TEACHERS 
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Points  raised  at  a  meeting  at  Hardisty  Junior  High  School  on 
March  6,  1970  concerning  the  school's  mathematics  individualization 
project. 

1.  Disadvantages  of  the  materials 

-  paper  work  is  excessive  (tripled) 

-  errors  found  in  materials 

-  A-group  post  test  II;  too  many  tests.  A  decision  was  made  to 
check  the  unachieved  objectives  orally  for  this  group,  and 
indicate  this  on  the  record  sheet. 

2 .  Advantages  of  materials 

-  problems  with  slow  learners  are  more  obvious 
-identification  of  slow  learners  is  easier 

-  teachers  have  more  time  to  spend  with  these  groups 

3.  Methods  of  helping  students 

-  taking  group  of  slow  learners  into  another  room  and  leaving 
bulk  of  class  to  work  alone 

-  assigning  student  helpers  to  slow  learners 

4.  Another  teacher  could  well  be  used  as  a  rover;  helping  out  wherever 
possible. 

5.  The  teacher's  role  is  much  different 


-  more  of  a  guide  than  a  disciplinarian 

-  more  team  planning,  a  different  sort  of  individual  planning 

-  much  busier  in  classrooms  than  before 

-  more  attention  can  be  given  to  slow  learners 

-  more  need  for  moral  support  from  other  teachers 

6.  Student  groups  have  emerged 

-  some  need  total  guidance;  'mother-hen' 

-  some  are  semi  independent  and  need  supervision 

-  some  are  completely  independent 

7.  Students  want  to  get  into  higher  groups. 

8.  Students  make  good  use  of  student  helpers. 

9.  Problems  are  being  encountered  with  slower  group 

-  materials  do  not  provide  for  them  effectively 

-  attitude  is  dropping  due  to  too  much  reading  and  a  tendency 
towards  disorganization.  They  experience  little  success. 

-  Suggestion:  A  more  manipulative  approach. 
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-  many  Cheated*  themselves  by  not  making  use  of  activities 
and  exercises  following  the  first  'check-exercise. '  (This 
is  expected  to  be  reduced  during  Topic  2.) 

-  this  group  is  not  doing  less  work  under  the  new  approach 

-  they  must  unlearn  six  years  of  training 

-  this  setting  provides  for  easy  recognition  of  these  students 

10.  Modified  students 

-  need  different  material 

11.  All  students  (especially  BASIC)  need  some  time  to  'goof-off', 

enter  discussions  with  the  teacher,  joke,  ... 

12.  Recognition  of  slow  learners  and  significant  individual  differences 

is  easier  than  before. 

13.  Program  relys  heavily  on  compatibility  of  group  of  teachers 

-  teachers  must  be  committed  to  program 

-  teachers  must  be  able  to  work  effectively  as  a  team 

-  a  group  of  less  than  five  could  still  be  effective 

(a  plan  for  only  three  teachers  is  proposed  for  next  year) 

-  even  one  teacher  might  work  effectively 

14.  Teachers  must  cooperate 

-  to  share  the  work  load 

-  a  single  teacher  would  have  five  times  the  work 

-  need  moral  support  from  other  team  members 

15.  BASIC  and  INTERMEDIATE  groups  need  enrichment  as  well  as  ADVANCED 

16.  Is  there  a  tendency  towards  loosing  identity  of  class 

17.  Students  must  change  their  expectations  of  the  teacher 

18.  Are  there  some  sections  that  can  be  covered  better  verbally? 

Should  this  be  done? 

19.  Slow  classes  will  start  Monday  (March  9) 

-  one  teacher  for  each  class  at  all  times. 

20.  The  main  problem  of  the  whole  program  seems  to  be  a  poor  or  absent 
method  for  catering  to  the  slow  learner. 
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Points  raised  at  the  second  meeting  (March  20,  1970)  at 
Hardisty  Junior  High  School  concerning  their  mathematics  individu¬ 
alization  project. 

1.  Discussion  of  the  Phase  2  ADVANCED  level 


-  designed  to  go  more  deeply  into  the  ideas  of  Phase  1  with 
emphasis  on  justification  of  methods  and  generalizing  to 
other  frames  of  reference 

-  designed  to  spread  wider  and  relate  other  connected  topics 
to  the  ideas  presented  in  Phase  1. 

-  designed  to  pose  a  challenge  to  the  abler  students 

-  designed  to  be  a  more  rigorous  (more  'mathematical') 
approach  to  the  ideas  of  Phase  1. 

-  not  all  ADVANCED  students  found  it  attractive 

-  difficulty  with  terminology  and  semantics 

-  difficulty  in  verbalizing  reasons  and  explanations 

-  dissapointment  at  being  given  more  objectives  to  complete 

-  some  students  may  not  try  for  ADVANCED  group  next  time 

-  preconceived  attitudes  about  learning  of  mathematics  may 
be  causing  this  problem 

-  attitudes  may  change  dynamically  as  the  students  interact 
with  the  material,  or 

-  a  selling  job  may  have  to  be  done  by  the  teachers  -  "  That  is 
what  mathematics  is  all  about." 

2.  Two  main  types  of  students  enter  the  ADVANCED  Level. 

-  those  who  are  mathematically  oriented 

-  those  who  like  to  achieve 

-  The  first  group  was  the  one  expected;  it  is  the  second 
group  that  is  causing  concern. 

-  The  ADVANCED  material  could  be  made  more  attractive  to 
this  group  by  -  a  selling  job  by  the  teachers 

-  inclusion  of  'carrots'  to  make  the  ADVANCED 
work  more  fun. 

-  Currently  incentives  for  ADVANCED  work  include: 

-  recognition  and  higher  marks 

-  extended  privleges  (going  to  the  reference  library 
and  Enrichment  center) 

-  exposure  to  more  challenging  mathematics  (?) 

-  Other  considerations 

-  students  may  be  able  to  cope  with  ADVANCED  level  ideas 
better  after  exposure  to  the  tone  of  these  sections  from 
previous  topics. 
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-  the  skills  required  may  take  a  long  time  to  develop  (analy¬ 
sis,  synthesis,  generalization,  etc.) 

-  these  students  should  understand  that  they  are  only  cheat¬ 
ing  themselves  if  they  fail  to  be  exposed  to  these  different 
and  higher-level  ideas. 

3.  Discussion  of  the  Enrichment  section 


-  Enrichment  material  is  similar  in  level  and  tone  to  the  ADVANCED 
materials. 

-  Currently  only  the  ADVANCED  students  are  making  good  use  of  the 
Enrichment  materials. 

-  Materials  of  a  more  recreational  nature  are  needed  for  the 
slower  students. 

-  Perhaps  concrete  materials  for  developing  BASIC  concepts 
(especially  for  teacher-taught  BASIC  class) 

4.  Discussion  of  planning  and  Preperation  by  the  teacher 

-  a  very  different  type  of  planning  is  needed 

-  not  less  individual  planning,  but  individual  planning  of 
a  different  sort. 

-  more  planning  for  individual  students 

-  cooperative  (team)  planning 

-  Need  a  cooperative  group  of  teachers  (one  'weak-link'  would  be 
disruptive  to  the  whole  program) 

-  Teachers  must  be  experienced  and  have  a  good  grasp  of  teaching 
in  general  to  work  effectively  on  this  team.  (Allowing  student 
freedom  and  at  the  same  time  getting  them  to  accept  the  corre¬ 
sponding  responsibility  is  very  difficult,  but  all  members  of 
the  team  must  be  able  to  accomplish  this.) 

5.  Discussion  of  Problem  Solving  versus  Applications  sections 

-  Confusion  has  arisen  as  to  the  direction  and  content  of  these 
sections. 

-  The  application  sections  contain  routine  problems. 

Students  are  encouraged  to  employ  any  method  (brainstorming, 
analogy,  etc.)  to  solve  them.  Problem  types  vary  greatly 
but  are  aimed  at  reinforcing  or  introducing  necessary  skills. 

-  Is  it  necessary  to  establish  good  work  habits  for  problem 
solving?  Will  students  get  ’in  a  rut'  because  of  routine 
approaches? 
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-  It  was  decided  to  rename  the  Applications  section  to  Applications 
(Routine  Problem  Solving)  and  the  problem  solving  section  to 
Challengers  (Non-Routine  Problem  Solving).  The  teachers  will 
further  clarify  the  distinction  to  the  students. 

-  The  teachers'  work  load  is  such  that  they  will  be  unable  to 
evaluate  each  student's  progress  on  the  Challengers  section. 
Therefore  a  new  column  on  the  record  page  will  be  introduced 
to  distinguish  whether  the  teacher  has  marked  the  solution 
to  a  problem  or  not. 

It  was  generally  agreed  that  although  the  materials  do  not  effect- 
tively  meet  many  individual  differences,  they  do  make  these  differ¬ 
ences  more  apparent  to  the  teacher  as  well  as  create  a  situation  in 
which  the  teacher  can  effectively  deal  with  some  of  these  dif¬ 
ferences. 
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Points  raised  at  the  third  (and  final)  meeting  of  April  28, 

1970,  concerning  the  Hardisty  Project. 

1.  There  is  still  a  problem  with  the  Challengers 

-  they  are  too  hard  for  the  bottom  half  of  the  students 

-  these  students  should  perhaps  be  allowed  to  play  a  game  instead 
(gin  rummy  was  mentioned) 

-  the  non-routine  approach  to  problem  solving  is  premature  at  this 
grade  level 

-  neatness  and  orderliness  must  be  instilled  for  good  problem¬ 
solving  habits  to  be  formed 

-  the  teachers  have  reverted  to  a  'five-step'  approach  rather 
than  the  'three-step'  approach  used  in  the  materials. 

-  with  a  different  build-up  in  earlier  grades,  this  type  of 
problem  might  be  very  worthwhile;  but  for  these  students  at 
this  time,  the  approach  used  is  not  working  satisfactorily. 

2.  Too  many  clerical  duties 

-  the  children  are  given  too  many  tests;  they  are  difficult  to 
keep  organized 

-  the  tests  take  too  long  to  mark 

-  multiple-choice  questions  should  be  increased 

-  keeping  records  on  all  students  is  becoming  a  burden 

3.  Some  of  the  problems  in  the  materials  are  too  hard  for  the 

students.  The  numbers  used  in  some  conditions  are  unnecessarily 
large.  Some  of  the  problems  have  'sneaky'  twists  in  them. 


APPENDIX  V 


THE  STUDENT  QUESTIONNAIRE 
AND  RESULTS 

The  following  questionnaire  was  administered  to 
all  (about  270)  students  in  the  experimental  classes  at 
Hardisty  school  near  the  end  of  the  project.  All  results 
are  reported  in  percentages.  Under  TOTAL  is  the  percentage 
of  all  students  choosing  that  answer.  Under  BASIC  is  the 
percentage  of  students  with  that  choice  who  remained  in  the 
Basic  group  for  the  whole  experiment.  Under  INTER  is  the 
percentage  of  students  who  were  in  the  Intermediate  group  at 
least  once  but  were  never  In  the  Advanced  group.  Under  ADVCD/ 
the  percentage  of  students  with  that  choice  who  were  in  the 
Advanced  group  at  least  once  is  reported. 
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STUDENT  QUESTI ONNAI  RE 


1. 

During  Topic 

1/  1  was  in 

the 

group. 

BASI  C 

1  NTER 

ADVCD 

TOTAL 

a) 

Basic  . 

100.0 

42.9 

1.2 

39.6 

b) 

1 ntermed i ate 

0.0 

57.1 

28.2 

37.  7 

c) 

Advanced  .... 

0.0 

0.0 

70.6 

22.6 

d) 

(not  used) 

0.0 

0.  0 

0.0 

0.0 

2. 

During  Topic 

2,  1  was  in 

the 

group. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Basic  . 

100.  0 

17.3 

2.4 

27.3 

b) 

1 ntermed i ate 

0.0 

82.  7 

38.1 

53.8 

c) 

Advanced  .... 

0.  0 

0.0 

59.5 

18.9 

d) 

(not  used) 

0.0 

0.0 

0.  0 

0.0 

3. 

Duri ng  Topi c 

3,  1  was  in 

the 

group. 

BASIC 

INTER 

ADVCD 

TOTAL 

a) 

Basic  . 

100.  0 

36.1 

1.4 

38.1 

b) 

1 ntermedi ate 

0.  0 

63.9 

36.2 

43.6 

c) 

Advanced  .... 

0.0 

0.0 

62.3 

18.  2 

d) 

(not  used) 

0.0 

0.  0 

0.0 

0.0 

The  next  14 

questions  are  about 

the  i 

jsefulness  of 

cer  ta  i  n 

aspects  of  the  material  in  helping  you 

to  learn  the 

mathemat i cs . 

4. 

The  Introduction  to  each 

Topic. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Conf us i ng  . . . 

23.4 

13.5 

8.  2 

13.6 

b) 

Of  no  use  . . . 

12.  8 

8.3 

20.0 

12.8 

c) 

Of  some  use  . 

48.  9 

56.4 

51.  8 

53.6 

d) 

Very  useful  . 

14.9 

21.  8 

20.0 

20.  0 

5. 

The  list  of 

objectives  for  each 

sec t i on. 

BASI  C 

1  NTER 

ADVCD 

TOTAL 

a) 

Conf us i ng  . . . 

6.4 

6.  0 

4.  7 

5.7 

b) 

Of  no  use  . . . 

14.9 

12.0 

3.  5 

9.  8 

c) 

Of  some  use  . 

42.6 

47.  4 

35.3 

42.6 

d) 

Very  useful  . 

36.  2 

34.6 

56.5 

41.9 

6. 

The  development  in  each 

sec t i on. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Conf us i ng  ... 

12.8 

12.  8 

13.1 

12.9 

b) 

Of  no  use  . . . 

8.  5 

10. 5 

6 . 0 

8.7 

c) 

Of  some  use  . 

48.9 

40.6 

33.  3 

39.8 

d) 

Very  useful  . 

29. 8 

36.1 

47.6 

38.6 

■  ■  ' 
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7.  The  questions  asked  IN  THE  DEVELOPMENT. 


BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

9.0 

4.8 

9.5 

b) 

Of  no  use  . 

12.  8 

16.7 

14.0 

c) 

Of  some  use  .... 

54.9 

61.9 

55.7 

d) 

Very  useful  .... 

23.3 

16.7 

20.8 

8. 

Answers  for  the 

development  section  given  at 

the  bottom  of  the  page. 

BASI  C 

1  NTER 

ADVCD 

TOTAL 

a) 

Conf us i ng  . 

3.  8 

2.4 

4.  2 

b) 

Of  no  use  . 

14.5 

14.3 

14.9 

c) 

Of  some  use  .... 

52.7 

47.6 

50.8 

d) 

Very  useful  .... 

29. 0 

35.7 

30.  2 

9. 

The  check-exercises. 

BASIC 

INTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

0.  8 

0.0 

0.  8 

b) 

Of  no  use  . 

3.  8 

2.4 

2.6 

c) 

Of  some  use  .... 

18.8 

14.1 

17.  0 

d) 

Very  useful  .... 

76.  7 

83.5 

79.6 

10. 

The  activity  exercises  (after  the  first 

:  check- 

exercise)  In  each  section. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

4.5 

0.  0 

3.4 

b) 

Of  no  use  . 

...  19.1 

16.5 

11.9 

15.5 

c) 

Of  some  use  .... 

51.9 

53.6 

52.  7 

d) 

Very  useful  .... 

27.  1 

34.5 

28.  4 

11. 

The  list  of  key 

i  deas 

at  the  end 

of  each  topic 

• 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

...  10.6 

6.  8 

1.  2 

5.7 

b) 

Of  no  use  . 

.  ..  19.1 

24.  2 

19.0 

21.  7 

c) 

Of  some  use  .... 

...  48.9 

50.  8 

48.8 

49. 8 

d) 

Very  useful  .... 

18.  2 

31.0 

22.8 

12. 

The  vocabulary 

list. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

4.5 

2.4 

5.0 

b) 

Of  no  use  . 

...  37.8 

32.3 

25.3 

31.  0 

c) 

Of  some  use  .... 

...  51.1 

50.4 

53.0 

51.3 

d) 

Very  useful  .... 

0.0 

12.  8 

19.3 

12.6 

13. 

The  review  exercises 

at  the  end 

of  each 

i  topic. 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Confusing  . 

2.  3 

0.0 

2.3 

b) 

Of  no  use  . 

...  17.0 

7.6 

7.2 

9.  2 

c) 

Of  some  use  .... 

...  42.6 

34.8 

18.  1 

30.  9 

d) 

Very  useful  .... 

...  34.0 

55.3 

74.  7 

57.6 

- 

- 
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14. 

Having  the  solutions  at 

the  end 

of  each 

top i c . 

BASIC 

1  NTFR 

ADVCD 

TOTAL 

a) 

Conf usi ng  . . . 

4.3 

1.5 

2.4 

2.3 

b) 

Of  no  use  . 

14.9 

6.8 

2.4 

6.8 

c) 

Of  some  use  . 

27.7 

26.5 

24.  7 

26.1 

d) 

Very  useful  . 

53.2 

65.  2 

70.6 

64.  8 

15. 

The  record  page. 

BASIC 

1  NTHR 

ADVCD 

TOTAL 

a) 

Confusing  . 

14.9 

3.1 

2.4 

4.9 

b) 

Of  no  use  . 

14.9 

16.0 

12.9 

14.8 

c) 

Of  some  use  . 

36.2 

47.3 

52.9 

47.1 

d) 

Very  useful  . 

34.0 

33.6 

31.  8 

33.1 

16. 

The  flowchart. 

BASI  C 

1  NTFR 

ADVCD 

TOTAL 

a) 

Confusing  . 

,  12.8 

3.0 

2.4 

4.5 

b) 

Of  no  use  . 

,  27.7 

32.3 

38.8 

33.6 

c) 

Of  some  use  . 

,  36.2 

43.6 

37.6 

40.4 

d) 

Very  useful  . 

,  23.  4 

21.1 

21.  2 

21.5 

17. 

Using  different  colored 

pages . 

BASIC 

1  NTF.R 

ADVCD 

TOTAL 

a) 

Conf us i ng  . . 

.  10.9 

6.  8 

2.4 

6.1 

b) 

Of  no  use  . 

.  23.9 

12.0 

10.6 

13.6 

c) 

Of  some  use  . 

.  28.  3 

44.4 

47.1 

42.4 

d) 

Very  useful  . . 

.  37.0 

36.8 

40.0 

37.9 

' 
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For  the  following  questions,  choose  one  of  the 
provided  answers  to  best  describe  what  you  did,  or  your 
opi ni ons. 


18.  How  did  you  study  each  section? 

BAS  I  C 

a)  I  read  the  objectives 
first.  If  I  felt  I  already  under¬ 
stood  the  ideas,  I  skipped  to  the 
check-exercise;  otherwise  I  read 

the  development .  36.2 

b)  I  read  the  development 

first,  then  I  worked  the  example 
in  the  objective.  If  I  understood 
the  example  I  then  tried  the  check- 
exercise;  otherwise  I  read  the  de¬ 
velopment  again .  21.3 

c)  I  worked  the  check- 

exercise  first.  If  I  was  unable 
to  do  it  I  went  back  to  the  de¬ 
velopment .  25.5 

d)  I  did  the  sections  in 

different  ways,  depending  on  how 
my  work  had  gone  with  previous 
sections . 17.0 


INTER  AD VCD  TOTAL 


33.8  48.2  38.9 


22.  6  18.  8  21.1 


30.1  20.  0  26.0 


13.5  12.9  14.0 


INTER  AD  VCD  TOTAL 


19.  The  Phase  1  booklets  were  made  to  teach  you  new 
ideas.  How  do  they  compare  with  having  the  ideas  taught  by 
a  teacher? 

BAS  I  C 

a)  I  would  rather  have  the 

teacher  teach  the  ideas .  29.8 

b)  They  are  about  the  same.  19.1 

c)  It  depends  on  the  ideas, 
sometimes  the  booklets  are  better 

than  a  teacher .  25.5 

d)  The  booklets  are  usually 

better  for  learning  new  ideas.  ..  25.5 


29.  3 
13.5 


38.3 
18.  8 


9.4 

18.8 


45.  9 
25.9 


23.  0 
16.  2 


38.5 

22.3 


20.  How  did  you  like  learning  these  new  ideas  from  the 
bookl ets  ? 

BASIC  INTER  AD VCD  TOTAL 

a)  I  didn't  like  it  at  all.  19.1  12.0  8.2  12.1 

b)  I  didn't  dislike  it  any 

more  than  any  other  method .  23.  4  10.5  8.  2  12.1 

c)  It  was  okay  but  I  would 

not  want  to  do  it  all  the  time.  .  25.5  35.3  34.1  33.2 

d)  I  liked  it  very  much.  ...  31.9  42.1  49.4  42.6 


- 

. 


' 

.  1 
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21.  Hoes  it  take  any  longer  to 
the  booklets? 

1  earn 

mathemat i cs 

from 

BASIC 

a)  1 t  takes  much  longer  than 

1  NTER 

AD  VCD 

TOTAL 

when  taught  by  a  teacher . 

25.5 

15.  0 

5.9 

14.0 

b)  It  takes  a  little  longer. 

c)  It  depends  on  the  ideas/ 

17.0 

13.5 

14.1 

14.3 

sometimes  the  booklets  are  faster, 
d)  The  booklets  usually  teach 

31.9 

48.1 

51.8 

46.  4 

faster  than  a  teacher . 

25.5 

23.3 

28.2 

25.3 

22.  How  do  you  feel  about  your 
bookl ets? 

learning  from  the 

BASIC 

a)  1  learn  ideas  better  from 

1  NTER 

AD  VCD 

TOTAL 

the  teacher . 

b)  1  learn  ideas  about  the 

32.6 

23.3 

15.3 

22.3 

same  by  either  method . 

c)  It  depends  upon  the  ideas. 
For  some  ideas,  1  learn  better  from 
the  booklets  than  1  would  from  a 

8.  7 

18.0 

20.  0 

17.0 

teacher . 

d)  1  learn  most  ideas  better 

37.0 

39. 8 

43.  5 

40.5 

from  the  booklets . 

21.  7 

18.  8 

21.  2 

20.1 

23.  How  often  did  you  attend  the  teacher-taught  class? 


a) 

Never. 

BASIC 

1  NTER 
10.5 

ADVCD 

15.3 

TOTAL 

11.3 

b) 

Seldom.  . 

_  48.9 

47.  4 

67. 1 

54.  0 

c) 

Often.  .. 

_  23.4 

27.1 

11.  8 

21.5 

d) 

Usual  1 y. 

15.  0 

5.9 

13.2 

. 

j- 

CM 

Why  did 

you  attend  the  teacher- 

taught 

class? 

a) 

1  di dn *  t 

attend . 

BASI  C 
_  10.6 

1  NTER 
11.3 

ADVCD 
20.  0 

TOTAL 

14.0 

b) 

1  was  told  to  attend. 

...  10.6 

5.3 

4.7 

6.0 

c)  It  is  easier  to  learn 
a  teacher . 

from 

18.0 

9.4 

16.6 

d) 

i deas . 

1  needed 

help  with  cer ta i n 

65.4 

65.9 

63.4 

25.  How  did  the  amount  of  work  you  did  during  mathema¬ 
tics  classes  compare  with  the  amount  in  a  regular  classroom 
with  a  teacher ? 


a)  1  did  less  work  with  the 

BASIC 

1  NTER 

ADVCD 

TOTAL 

bookl ets . 

34.0 

19.5 

25.9 

24.  2 

b)  About  the  same . 

c)  1  did  a  little  more  work 

27.  7 

41.4 

34.1 

36.6 

while  using  the  booklets . 

d)  1  worked  much  harder  on 

27.  7 

27.1 

23.5 

26.0 

math  while  using  the  booklets.  .. 

10.  6 

12.0 

16.5 

13.  2 

■ 

- 

■ 

N 
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26.  Did  the  booklets  affect  the  amount  of  homework  that 
you  did? 


a)  1  did 

less  homework  with 

BASI  C 

1  NTER 

ADVCD 

TOTAL 

the  booklets. 

27.7 

41.4 

51.8 

42.3 

b)  1  did 

c)  1  did 

about  the  same.  . . . 
a  little  more  home- 

34.0 

29.3 

28.2 

29.  8 

work  because 
d)  1  did 

of  the  bookl ets .  ... 
much  more  homework 

19. 1 

20.3 

11.  8 

17.4 

because  of  the  booklets . 

19.  1 

9.0 

8.2 

10.6 

27.  The  Phase  2  booklets  acted  as  a  review  of  the  topic 


for  the  Basic  and  Intermediate  groups,  and  as  a  presentation 
of  new  ideas  for  the  Advanced  group.  How  worthwhile  do  you 
feel  the  time  spent  on  Phase  2  was? 


BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

It  was  a  waste  of  time  for 

most  people . 

4.  3 

7.6 

5.9 

6.4 

b) 

It  was  worthwhile  for  some 

peopl e 

,  but  not  for  me . 

17.0 

12.9 

15.  3 

14.4 

c) 

It  was  useful,  but  used  up 

too  much  time . 

44.7 

36.4 

30.  6 

36.0 

d) 

It  was  very  worthwhile 

for  me 

34.0 

43.2 

48.2 

43.2 

28 

.  If  you  could  be  in  one  group  all 

of  the  time. 

which 

wou  1  d 

it  be ? 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Basic  . 

25.5 

3.0 

0.0 

6.0 

b) 

1 ntermed i  ate  . 

46.  8 

76.  7 

34.1 

57.7 

c) 

Advanced  . 

14.9 

6.  8 

35.3 

17.  4 

d) 

It  would  depend  on  the 

i  deas 

to  be  learned . 

12.8 

13.5 

30.  6 

18.9 

29 

.  How  do  you  feel  about  the 

Advanced  group? 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a) 

Only  people  who  work  very 

hard  get  in  the  Advanced  group.  . 

25.5 

25.  0 

20.0 

23.5 

b) 

Only  people  who  really  like 

mathematics  and  are  naturally  good 

at  i  t 

get  into  the  Advanced  group. 

42.  6 

31.  1 

23.5 

30.  7 

c) 

Both  sets  of  people  a)  and 

b)  get 

into  the  Advanced  group.  . 

25.5 

42.  4 

55.3 

43.6 

d) 

Getting  into  the  Advanced 

group 

is  more  by  luck  than  anything 

else. 

6.4 

1.5 

1.  2 

2.3 
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30.  W o u  1  d  (did)  you  like  being  in  the  Advanced  group? 


BASIC 

INTER 

AD  VCD 

TOTAL 

a) 

No, the  ideas  are  too  hard. 

32.6 

29.3 

17.  6 

26.1 

b) 

No,  1  would  have  to  work 

harder 

than  1  wanted  to . 

16.  3 

27.1 

14.1 

21.  1 

c) 

Yes,  the  Advanced  group 

gets  higher  marks . 

25. 6 

21.  8 

21.  2 

22.2 

d) 

Yes,  the  Advanced  ideas 

are  interesting . 

25.6 

21.  8 

47.1 

30.7 

31 

.  How  did  most  people  feel 

about 

your  group? 

BASI  C 

1  NTER 

AD  VCD 

TOTAL 

a) 

They  thought  we  were 

pretty 

'dumb'  at  math . 

39.1 

9.  0 

3.5 

12.5 

b) 

They  thought  we  were 

'  show-i 

off  s' . . 

6.5 

3.0 

2.4 

3.4 

c) 

No  one  really  cared  what 

group 

1  was  in . 

32.6 

58.  6 

44.7 

49.6 

d) 

None  of  the  above  are 

right. 

21.7 

29.3 

49.4 

34.5 

32 

.  The  Challengers  were  ... 

BASI  C 

1  NTER 

AD  VCD 

TOTAL 

a) 

too  hard  for  grade  seven. 

21.  7 

9.  8 

10.7 

12.2 

b) 

very  hard,  more  practice 

with  easier  problems  would  have 

he  1 ped 

17.  4 

27.  8 

33.3 

27.  8 

c) 

very  hard,  the  teachers 

shou 1 d 

have  helped  us  more . 

15.2 

15.  8 

16.  7 

16.0 

d) 

not  too  hard . 

45.  7 

46.  6 

39.3 

44.  1 

33 

.  Doing  the  Challengers  section  . 

•  • 

BASI  C 

1  NTER 

AD  VCD 

TOTAL 

a) 

was  a  complete  waste  of 

time. 

17.4 

22.  1 

33.3 

24.9 

b) 

would  have  been  more  use- 

ful  in 

grade  8  or  9 . 

32.6 

28.2 

16.  7 

25.  3 

c) 

would  have  been  better  if 

we '  d 

had  practice  in  earlier  grades.  . 

21.  7 

27.5 

25.  0 

25.  7 

d) 

was  very  useful,  we  need 

to  be 

able  to  solve  problems  of 

this  type . 

28.  3 

22.1 

25.0 

24.  1 

34 

.  The  enrichment  in  the  Enrichment  room 

was  ... 

BASI  C 

1  NTER 

AD  VCD 

TOTAL 

a) 

too  hard  for  me . 

0.0 

3.1 

1.2 

1.9 

b) 

not  very  interesting  to  me 

1.18.  2 

16.  2 

10.6 

14.7 

c) 

very  enjoyable . 

20.  5 

22.  3 

32.9 

25.5 

d) 

1  didn't  try  it . 

61.  4 

58.  5 

55.  3 

57.9 

• 

D  '  '  rt 


' 


2  6  8 


35.  The  review  section  at  the 

end  of 

Phase 

1  was 

•  •  • 

BASI  C 

1  NTER 

AD  VCD 

TOTAL 

a)  of  little  use . 

b)  of  some  use/  but  not 

17.0 

9.  0 

7.1 

9.  8 

really  necessary .  25.5 

c)  could  have  been  more  use¬ 
ful  if  done  some  other  way.  (Perhaps 

14.3 

11.9 

15.5 

a  teacher  conducting  the  lessons.) 
d)  very  useful  for  tying  the 

31.9 

30.  8 

11.9 

25.  0 

ideas  of  the  topic  together . 

25.5 

45.9 

69.0 

49.6 

36.  1  prepared  for  the  first 

test  in 

each 

topic 

by  ... 

a)  going  through  the  review 

BASIC 

1  NTER 

AD  VCD 

TOTAL 

sect i on . 

b)  doing  the  review  and 
studying  the  objectives  for  each 

27.7 

23.5 

20.  2 

23.  2 

sect  ion . 

c)  doing  the  review  and 
checking  back  to  the  development 

36.  2 

39.  4 

31.  0 

36.1 

when  necessary . 

d)  special  preperation  was 

29.  8 

28.0 

31.  0 

29. 3 

not  necessary .  6.4 

37.  On  the  whole,  the  tests  were  ... 

9.1 

17.9 

11.  4 

a)  too  hard,  you  had  to  be 

BASIC 

1  NTfR 

AD  VCD 

TOTAL 

lucky  to  get  a  good  mark . 

b)  too  hard,  you  had  to  get 
the  question  exactly  right  to  get 

14.9 

3.  0 

2.  4 

5.  0 

a  mark  for  it . 

c)  not  too  hard,  you  knew 
what  all  of  the  questions  were 

42.  6 

23.5 

3.6 

20.6 

going  to  be  1 i ke . 

d)  not  too  hard,  the  ideas 
were  covered  so  many  times  they 

40.  4 

62.  1 

73.5 

61.8 

were  easy  to  remember . 

2.1 

11.4 

20.5 

12.6 

38.  Was  there  any  effect  between  this  style  of  learn¬ 
ing  and  your  other  regular  classes? 


a) 

Yes,  i  t 

was  nice  to  have 

BASIC 

1  NTER 

AD  VCD 

TOTAL 

a  change . 

b)  Yes,  but 
change  from  one 

i t  was  hard  to 
style  of  learning 

43.  2 

48.9 

60.  7 

51.  7 

to  the 
c) 

other .  . . 

Yes,  but 

i t  was  a  very 

29.5 

18.  3 

11.9 

18.  1 

smal  1 

effect.  . . 

15.9 

17.  6 

9.  5 

14.7 

d) 

No,  there  was  no  effect. 

11.4 

15.3 

17.9 

15.4 

•  • 

• 

iifi  t 

• 
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39.  Would  you  like  to  see  this  type  of  learning  tried 


in  some  of  your  other  classes? 

BASIC 

1  NTER 

ADVCD 

TOTAL 

a)  Yes,  in  all  of  them . 

b)  Yes,  but  only  in  some 

17.0 

16.5 

17.6 

17.  0 

certain  ones . 

c)  No,  this  probably  only 

36.2 

51.1 

50.  6 

48.3 

works  well  with  mathematics . 

d )  No,  1  don' t  1  i  ke  this 

25.  5 

20.  3 

28.2 

23.8 

method  at  all . 

21.3 

12.0 

3.5 

10.9 

40.  On  the  whole,  do  you  feel  that 
more  about  mathematics  this  year  than  in 

BASIC 

a)  Yes,  and  it  is  because  of 

you  have  learned 
other  years? 

INTER  ADVCD  TOTAL 

the  booklets . 

b)  Yes,  but  1  don't  think  the 

40.0 

39.8 

48.2 

42.  6 

booklets  made  any  difference.  ... 
c)  No,  1  didn't  1 i ke  the 

20.  0 

30.1 

35.3 

30.  0 

bookl ets . 

d)  No,  but  1  don't  think  the 

17.8 

15.  0 

9.4 

13.  7 

booklets  made  any  difference.  ... 

22.  2 

15.0 

7.1 

13.  7 
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Use  this  sheet  to  answer  the  very  last  question  only. 


Two  things  you  liked  MOST 
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Use  this  sheet  to  answer  the  very  last  question  only. 
COMMENTS : 


Two  things  you  liked  MOST 


Two  things  you  liked  LEAST 
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Use  this  sheet  to  ansv/er  the  very  last  question  only. 
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